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Abstract

Essays in Simulation-based Stochastic Programming

In this dissertation, our objective is to develop the augmented probability

simulation as an alternate method to solve particular stochastic programming

problems with expectation functions. In the first essay, we propose evolutionary

Markov chain Monte Carlo (MCMC) methods to solve one stage stochastic pro-

gramming problems with constraints and consider certain MCMC methods in

constrained domains. We illustrate the implementation of our approach for dif-

ferent settings, including simple deterministic problems with linear/quadratic

objective functions, stochastic problems with uncertainty in the objective func-

tion or/and the constraint. Overall, the first essay serves as the introduction to

the proposed approach, namely, augmented simulation methodology, in solving

stochastic problems. In the second essay, we modify our simulation-based ap-

proach in order to solve particular two-stage stochastic problems with recourse

and demonstrate its implementation using different illustrative examples. A

particular setting of a linear production planning problem with uncertainty in

constraints is solved by using the proposed algorithm. A version of the same

problem with quadratic cost functions is also demonstrated. In the third essay,

we adapt our approach to solve the two-stage stochastic recourse problems with

decision dependent (endogenous) uncertainty and illustrate the implementation

via a production planning problem. In so doing, we consider problems with con-

tinuous first stage decision variables under continuous source of uncertainty. A

brief discussion of the potential extension of the proposed method to solve two-
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stage stochastic dynamic problems is also included. Overall, this dissertation

aims to make a contribution to the literature by developing an implementation

of this approach for certain two-stage problems with continuous uncertainties.

Our limited experience suggests that the proposed approach may provide po-

tential benefits in solving two stage problems and specifically problems with

decision dependent uncertainty.
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1 Introduction

The general class of models designed for planning under uncertainty assumes that

some of the parameters are not known at the time of decision making. Only their

probability distributions are assumed to be known or can be estimated. These mod-

els include but not limited to decision analysis and stochastic programming models

(Dantzig and Thapa (1997)). The major difference between these models is the em-

phasis on the different aspects of the problem. The emphasis of stochastic program-

ming is to find the best solution among a large number of alternatives. Enumerating

the possibilities brings an extra challenge; thus there is an extra concentration on al-

gorithmic optimization procedures (Birge and Louveaux (2011)). In this dissertation,

we develop simulation based algorithms for solution of stochastic programs.

The main consequence of uncertainty within the context of stochastic program-

ming is the possibility of infeasibility in the future. Uncertainty can be handled in

different ways such as using probabilistic forms or expectation functions. Chance

constrained programming (Charnes and Cooper (1959), Prekopa (1974)) proposes to

satisfy the constraints with a pre-specified probability (See Prekopa (1988) for a de-

tailed discussion). On the other hand, the motivation for using expectation functions

is being able to average the effect of different scenarios while preserving the feasibility

by having a specific constraint for each scenario. One of the most widely used models

in decision theory, expected utility maximization, is also based on a similar logic, how-

ever generally without any constraints. Use of one stage expectation-based stochastic

models are found to be beneficial in the case of conditional expectations (Kall and
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Mayer (2005)) such as conditional value at risk (Rockafellar and Uryasev (2000)) and

modelling integrated chance constraints (Klein Haneveld (1986)). Another way of

modelling uncertainty using expectation functions is the multi-stage problems with

recourse, which is based on postponing some decisions to a later stage until the un-

certainty disappears and a corrective recourse action can be implemented (Dantzig

(1955)). These problems are generally formulated assuming exogenous uncertainty,

however models with endogenous uncertainty have also been proposed in recent years.

In this dissertation, our objective is to develop simulation based methods for par-

ticular stochastic programming problems with expectation functions. In the first es-

say, we propose evolutionary Markov chain Monte Carlo (MCMC) methods to solve

one stage stochastic programming problems with constraints and consider certain

MCMC methods in constrained domains. Our approach is based on the augmented

probability simulation (Bielza et al. (1999)) which was not applied in the context

of constrained domains before. We illustrate the implementation of our approach

for different settings, including simple deterministic problems with linear/quadratic

objective functions, stochastic problems with uncertainty in the objective function

or/and the constraint. Overall, the first essay serves as the introduction to the pro-

posed approach, namely, augmented simulation methodology, in solving stochastic

problems.

In the second essay, we modify our simulation-based approach in order to solve

two-stage stochastic problems with recourse. We discuss the proposed methodology

for particular problems and demonstrate its implementation using different illustra-

tive examples. The augmented probability model enables us to perform optimization
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and expectation computation simultaneously without computing the expectation and

optimizing explicitly. A particular setting of a linear production planning problem

with uncertainty in constraints is solved by using the proposed algorithm. A version

of the same problem with quadratic cost functions is also demonstrated. In conclu-

sion, particular set of problems for which the application of the algorithm may be

advantageous are presented and potential limitations and implementation issues are

discussed.

In the third essay, our approach is adapted to solve the two-stage stochastic re-

course problems with decision dependent (endogenous) uncertainty. We illustrate

the implementation via a production planning problem. In so doing, we consider

problems with continuous first stage decision variables under continuous source of

uncertainty. A brief discussion of the potential extension of the proposed method to

solve two-stage stochastic dynamic problems is also included.

In summary, this dissertation introduces the augmented probability simulation

as an alternate method to solve stochastic programming problems. In so doing, it

makes a modest contribution to the literature by developing an implementation of

this approach for certain two-stage problems with continuous uncertainties. Our lim-

ited experience suggests that the proposed approach may provide potential benefits

in solving two stage problems and specifically problems with decision dependent un-

certainty.
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2 Essay 1: Simulation-based Stochastic Program-

ming

2.1 Summary

In this essay we develop evolutionary Markov chain Monte Carlo (MCMC) methods

to solve one-stage stochastic programming problems with expectation functions. Our

approach is based on the augmented probability simulation method of Müller (1999)

and Bielza et al. (1999) which is proposed to solve Bayesian decision problems. We

make a connection with the simulation based deterministic optimization approach

of Pincus (1968). In so doing, we extend the idea of Bielza et al. (1999) to solve

constrained stochastic optimization problems. We consider one-stage problems with

random objective functions, random constraints, both random objective functions

and constraints. Illustrative examples are presented. Our approach provides poten-

tially efficient sampling and it does not require any gradient information. This essay

serves as the introductory essay for the proposed algorithms within the rest of the

dissertation.

2.2 Introduction

In this essay we focus on the use of simulation methods for stochastic optimization

problems with expectation functions. The general formulation of these problems is

maxxE[Q(ξ, x)]
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where ξ is the random variable and x is the decision variable. There are various

approaches to optimize stochastic systems using simulation-based methods. The re-

sponse surface methodologies and gradient based methods are among the most widely

used techniques. Response surface methodology attempts to fit a polynomial func-

tion to approximate the expectation function in the objective (Barton (2005)). After

obtaining the approximation, deterministic optimization techniques are employed to

solve the resulting problem. In gradient-step based procedures such as stochastic ap-

proximation, a movement is made towards the gradient direction given a current best

setting of the decision variable. The success of these functions is connected to the

quality of the gradient estimator. Perturbation analysis (Ho and Cao (1991)), likeli-

hood ratio method (Glynn (1989)) and frequency domain method (Jacobson (1989))

are among the main approaches for gradient estimation.

Various Monte Carlo methods are also proposed to estimate the stochastic ob-

jective function. For instance, sample path optimization (also known as stochastic

counterpart, sample average approximation, see Shapiro (2003)) takes many simu-

lations, estimates the objective function as the average of the objective functions

calculated for each simulation and then optimizes the resulting estimates with deter-

ministic optimization methods. This method utilizes already existing procedures so

it can deal with the problems with complicated constraints for which the gradient-

step based methods have difficulty (Robinson (1996)). However, many deterministic

optimization procedures still require the availability of derivatives. Other than these

methods, meta-heuristics such as simulated annealing, genetic algorithms, tabu and

scatter search are proposed for complex optimization problems in order to overcome

5



the trap of local optimality (See Fu et al. (2005) for a discussion of tabu and scatter

search methods).

Most of these methods require derivative information and may suffer from large

Monte Carlo errors. In this essay, we propose a simulation-based method to be able

to alleviate these potential issues. Our approach brings together the ideas of simu-

lated annealing, importance sampling and evolutionary Monte Carlo methods. We

present the methodology in a one stage stochastic constrained problem setting with

randomness in the objective function or/and the constraint. This first essay serves

as the introductory essay for the proposed algorithms to solve two-stage problems in

the second and third essays.

The approach of Pincus (1968) is one of the early simulation-based approaches to

solve deterministic optimization problems. He proposes to treat the decision variable

as random and constructs a Monte Carlo method where draws are made from the

favorable points of the objective function from the optimization perspective. Pincus

(1968) shows that the mean of the distribution of the decision variable converges to

the optimal decision as the favourable points of the objective function are sampled

more frequently. This idea resembles importance sampling when the importance

function is the objective function. The challenge of this method is to sample from

non-standard distributions. Therefore, Pincus (1970) suggests the use of a Markov

chain Monte Carlo (MCMC) method, Metropolis algorithm. MCMC methods are

a class of algorithms for sampling from the non-standard probability distributions.

They are based on constructing a Markov chain that has the desired distribution as

its equilibrium distribution. The state of the chain after a large number of steps is

6



then used as a sample from the desired distribution (See Gamerman and Lopes (2006)

for an overview of MCMC methods).

Similar simulation based ideas have been adapted to solve optimization prob-

lems with uncertainty as well. Kirkpatrick et al. (1983) suggests simulated annealing

method to solve decision problems. Müller (1999) and Bielza et al. (1999) extend

Pincus type ideas to the Bayesian decision problems to maximize expected utility.

Such problems can prove to be difficult in certain cases as it requires both the com-

putation of the expectation and the optimization of the objective function. This

difficulty is alleviated by transforming the optimization into a simulation problem

with the proposed approach. In Müller (1999) and Bielza et al. (1999) computation

of expectation and optimization are simultaneously performed via their augmented

probability model which is defined on both decision and random variables. By sim-

ply treating the decision variable as random and constructing an augmented density

proportional to the objective function, draws that are concentrated around the opti-

mal decision are obtained. It is generally hard to sample from this joint distribution,

therefore MCMC methods such as Gibbs and/or Metropolis-Hastings are used. Gibbs

sampling performs repetitive sampling from the full conditional distributions which

provide samples from the joint distribution. On the other hand, Metropolis Hastings

algorithm is a version of accept-reject algorithm. The marginal draws of the random

and decision variables are sampled from an objective function-tilted distribution re-

sulting in more draws from the regions with higher objective function values. Different

variants of MCMC simulation methods such as evolutionary Monte Carlo methods

via J-copied distributions are suggested by Müller (1999) to sample from these dis-
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tributions (See Jacquier et al. (2006) for similar MCMC methods, see Johannes and

Polson (2004) for a survey of MCMC methods in general).

In this essay, we extend the use of augmented probability simulation to solve

one stage constrained stochastic problems with expectation functions. Augmented

probability simulation was not applied in the context of constrained domains before.

We propose MCMC methods to sample from the resulting distributions and in so

doing we use some results from Pincus (1968) to find the optimal solutions. The

rest of the essay is outlined as follows. Section 2.3 introduces the idea of augmented

probability simulation in general and discusses the connection with results of Pincus

(1968). Some simple examples are presented for illustrating how these results can be

used together. Augmented probability simulation method in solving different settings

of one stage stochastic problems with constraints is presented and methods to assess

Monte Carlo error are discussed in Section 2.4. Illustrative examples of the application

of the algorithm to solve optimization problems with particular settings and certain

implementation issues are presented in Section 2.5. Lastly, the essay is concluded

with a discussion including the advantages and limitations of the proposed approach.

2.3 Augmented probability simulation

Consider a decision problem with utility function Q(ξ, x) where x is the decision

variable and ξ is the random variable with a known probability density, p(ξ). The

principle of maximization of expected utility requires the solution to the problem

maxxEξ[Q(ξ, x)]
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which involves the computation of the expectation and optimization of the objective

function. More specifically, we can write

x∗ = argmaxxEξ[Q(ξ, x)],

where

Eξ[Q(ξ, x)] = Q(x) =

∫
Q(ξ, x)p(ξ)dξ.

Müller (1999) and Bielza et al. (1999) point out that Q(x) will not be analyt-

ically available for many problems and its computation via straight Monte Carlo

may be inefficient. They further note that this is especially true when the expected

utility surface is continuous since straight Monte Carlo evaluation does not “exploit

such continuity”. As an alternative the authors introduce an augmented probability

model by treating the decision variable, x, as random. Randomness of the decision

variable does not have any economic significance, it is only for computational pur-

poses. Jacquier et al. (2006) provides a discussion about the compatibility of this

assumption with the decision theory.

Specifically, Bielza et al. (1999) considers the joint distribution

π(ξ, x) ∝ Q(ξ, x)p(ξ, x).

It can be easily seen that the marginal distribution of the decision variable x is given

by

π(x) ∝
∫

Q(ξ, x)p(ξ, x)dξ

9



which is equal to Q(x). Thus, maximizing the expected utility is equivalent to finding

the mode of the marginal distribution π(x). The above assumes that the utility

function Q(ξ, x) is nonnegative and the choice set of x is bounded. This setting allow

us to sample the random variable ξ similar to the importance sampling approach

when importance function is the objective function. The draws of ξ are tilted away

from the predictive density p(ξ) toward Q(ξ, x)p(ξ).

In their development Müller (1999) and Bielza et al. (1999) introduce MCMC

methods to draw from the joint distribution π(ξ, x). In recognition of the fact that the

expected utility surface Q(x) may be flat over a set of values of x in certain problems,

Müller (1999) proposes to replace Q(x) with power transformation (Q(x))J . In the

language of Müller (1999) this transformation enables us “tightening the expected

utility surface” and to obtain a peaked distribution of x without going through a

very large simulation effort. This is especially helpful in problems where x has a high

dimension. As the augmentation parameter, J , gets large, the draws are expected to

concentrate around the mode of the distribution πJ(x).

Following Müller (1999), the augmented probability model can be written as

πJ (ξ1, ..., ξJ , x) ∝
J∏

j=1

Q(ξj, x)p(ξj , x)

by using J draws from the distribution p(ξ). Use of this form implies that

πJ(x) ∝ (Q(x))J = exp{JlnQ(x)}.

10



The reciprocal 1/J is known as the “annealing temparature” in the simulated anneal-

ing literature; see for example Kirkpatrick et al. (1983).

As we have mentioned in the above, obtaining the mode of the distribution πJ (x)

can be difficult in high dimensional cases, but the following results by Pincus (1968)

enable us to use the mean of the distribution for large J .

2.3.1 Augmented simulation-based optimization idea of Pincus

In this section, we introduce the results of Pincus (1968) and discuss how they can

be used with augmented probability models and with evolutionary MCMC methods.

The following theorem of Pincus (1968) plays an important role in our implementation

of the augmented probability simulation approach in solving stochastic programming

problems.

Theorem 2.1: Assuming F (x1, x2, ..., xn) = F (x) to be a continuous function

on domain S and it attains a global minimum at exactly one point x∗ = (x∗
1, ..., x

∗
n),

then the mean of the distribution πJ(x) =
exp{−JF (x)}∫

S
exp{−JF (x)}dx

converges to the optimal

decision as J goes to infinity; that is, limJ→∞EJ(x) =
∫
S
xπJ(x)dx → x∗ where

x∗ = supxF (x).

Although the above result of Pincus is developed to solve deterministic problems,

it can be used in our augmented probability simulation approach for solving stochas-

tic programming problems. In his development Pincus (1968) considers the linear
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programming (LP) setup

min
x

cx

subject to Wx > t; x > 0 (2.1)

where x is the decision variable and c,W and t are known parameters. In other

words, the model does not have any random components. But we can still write an

augmented probability model for the LP as

πJ(x) ∝ exp{−Jcx}1I(Wx > t; x > 0)

where 1I denotes the indicator function and we solve the problem by simulation using

Pincus’ result. It is important to note that J in Pincus’ theorem plays the same

role as the augmentation parameter in our discussion of the augmented probability

simulation. The Pincus’ result is helpful in our development since it allows us to use

the mean of the distribution πJ(x) rather than the mode and it also enables us to

deal with constrained stochastic problems which have not been considered by Müller

(1999) and Bielza et al. (1999).

Simulation from πJ(x) may not be straightforward in situations where F (x) is

a complicated function. Also, using straight Monte Carlo may not be efficient in

drawing samples in the presence of constraints. Therefore, Pincus (1970) proposed

a Metropolis algorithm to sample directly from the constrained distribution. As in

our discussion of the augmented probability model, MCMC methods can be used to
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draw samples in an efficient manner in this type of constrained problems. In what

follows, we present an illustration using deterministic problems. In so doing, we

use a Gibbs sampler (Gelfand et al. (1992)) and discuss how to sample from the re-

sulting truncated exponential distributions and truncated normal distributions using

certain transformations (Devroye (1986), Robert (1995), Rodriguez-Yam et al. (2004)

). These ideas are also used in our solution of stochastic programming problems.

Demonstration with deterministic problems

Consider a two dimensional linear problem with a non-negative minimization ob-

jective function where x1, x2 are decision variables and c1, c2, b, t are deterministic

parameters, that is, 1

min
x1,x2

c1x1 + c2x2

subject to x1 + bx2 > t, x1 > 0, x2 > 0) (2.2)

The augmented joint distribution is

πJ(x1, x2) =
exp{−J(c1x1 + c2x2)}1I(x1 + bx2 > t, x1 > 0, x2 > 0∫ ∫

(x1+bx2>t,x1>0,x2>0)
exp{−J(c1x1 + c2x2)}dx1dx2

whose mode (and the mean) converges to the optimal solution (x∗
1, x

∗
2). We can show

1Maximizing the negative of the objective function with subject to the same constraints is the
same problem.
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that the full conditional distributions are truncated exponentials given by

πJ(x1|x2) =
exp{−Jc1x1}1I(max(0, t− bx2) 6 x1 6∞)

K1(J, x1, c1)

πJ(x2|x1) =
exp{−Jc2x2}1I((max(0, (t− x1)/b) 6 x2 6∞)

K2(J, x2, c2)
(2.3)

with the normalizing constants

K1(J, x1, c1) =

∫
(max(0,t−bx2)6x16∞)

exp{−Jc1x1}dx1

and

K2(J, x2, c2) =

∫
(max(0,(t−x1)/b)6x26∞)

exp{−Jc2x2}dx2.

Thus, we can use a Gibbs sampler with draws from the above full conditional distri-

butions.

To obtain efficient draws from the truncated exponential distribution, we propose

to use a uniform transformation. Assuming the form of the full conditional distri-

bution of the random variable θi, Fi(θi), is available and the truncated region is an

interval, say [a, b], Devroye (1986) shows that θi = F−1
i [Fi(a)+U(0, 1)(Fi(b)−Fi(a))]

is a draw from the constrained full conditional, Fi. Using this transformation, sample

points of x1 from πJ(x1|x2) can be retrieved via

x1 = F−1[F (max(0, t− bx2)) + U(0, 1)(F (∞)− F (max(0, t− bx2)))]

For an exponential distribution with rate Jc1, we can write the form of distribution
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functions as F−1(x1) =
ln(1−x1)
−Jc1

, F (x1) = 1− exp{−Jc1x1}, F (∞) = 1. By plugging

in these values to the uniform transformation, we have the functions to sample x1

and x2 as

X1 =
ln[(U(0, 1))(exp{−Jc1max(0, (t− bx2))})]

−Jc1

and

X2 =
ln[(U(0, 1))(exp{−Jc2(max(0, (t− x1)/b))})]

−Jc2

As a second example we consider a two dimensional LP where we maximize a

non-negative objective function, that is,

max
x1,x2

c1x1 + c2x2

subject to x1 + bx2 6 t, x1 > 0, x2 > 0. (2.4)

In this case the augmented joint distribution,

πJ(x1, x2) ∝ exp{J(c1x1 + c2x2)}1I(x1 + bx2 6 t, x1 > 0, x2 > 0)

is not a proper density, therefore we cannot utilize sampling from truncated exponen-

tial distribution as we just did within the previous example. We either need to use

Metropolis Hastings algorithm or sample from the joint distribution gathered using

the dual problem, where v is denoted as the dual decision variable. More specifically,
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we can use

min
v

vt

subject to v > c1, v >
c2
b
, v > 0 (2.5)

and obtain the augmented distribution

πJ (v) =
exp{−Jtv}1I(v > c1, v >

c2
b
, v > 0)∫

v>c1,v>
c2
b
,v>0

exp{−Jtv} .

Using the uniform transformation of Devroye, samples are obtained via

v =
ln[(U(0, 1))(exp{−Jt(max(0, c1, c2/b))})]

−Jt .

The respective primal values can be found by using duality theory and complemen-

tary slackness.

We can also solve deterministic optimization problems with quadratic objective

functions using this method. Consider

max
x

− ax2 + b

subject to c 6 x 6 d (2.6)
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where the augmented distribution is given by

πJ (x) =
exp{J(−ax2 + b)}1I(c 6 x 6 d)

K3(J, x, a, b)

with the normalizing constant K3(J, x, a, b) =
∫
(c6x6d)

exp{J(−ax2+b)}dx. Sampling

from this distribution is done via a truncated normal distribution with zero mean

and standard deviation, 1√
(2aJ)

. The accept-reject algorithm of Robert (1995) or

the method of Rodriguez-Yam et al. (2004) can be used to simulate from truncated

normal distributions.

2.4 Augmented probability simulation for one stage stochas-

tic problems

In this section, we will consider one-stage stochastic programming problems under

different settings. Initially, we have presented the algorithm to solve the problem

with random objective function coefficients. The discussion of the solution of problems

with stochastic constraints follows. Afterwards, the case where there is randomness

in both objective function and the constraints are presented.

Our method provides the optimal solutions under asymptotic conditions and in

convergence. While utilizing the proposed approach, we need to assess convergence

in the number of MCMC iterations, G and in the augmentation parameter, J . In

addition to that, we also need to ensure that our algorithm provides high quality

solutions from the optimization perspective. These issues are considered in the last

subsection.
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2.4.1 Problems with randomness in the objective function

We present the algorithm to solve the problem with random objective function coef-

ficients. Our objective function is given by Q(ξ, x), but now we have the constraint

set given by (Wx 6 t, x > 0). More specifically, we consider

max
x

Eξ[Q(ξ, x)]

subject to Wx 6 t, x > 0 (2.7)

where ξ and x denote the random and decision variable vectors, respectively.

Current Monte Carlo-based methods employ sampling first and then solve the

resulting problem with an optimization method. This approach may suffer from

potential inefficiencies of straight Monte Carlo approaches. In what follows, we will

adapt the augmented probability simulation method and Pincus’ results to solve this

problem. In so doing, we write down the joint distribution under the augmented

probability model using J copies of ξ as

πJ (ξ
J , x) ∝

J∏
j=1

Q(ξj , x)p(ξj)µ(x)1I(Wx 6 t, x > 0)

where ξJ = {ξ1, ξ2, ..., ξJ}, p(ξj) is the known probability distribution of the random

variable, the regularizing measure for the decision variable, µ(x) is assumed as uni-

form and follows certain regularity conditions to ensure integrability. The augmented

model is not sensitive to the use of another distribution for µ(x). (See Jacquier et al.

(2007) for a discussion about choice of µ(x)).
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Following our development in Section 2.3, we will use a Gibbs sampler to draw

from the augmented probability model and marginalize to obtain πJ(x) whose mode

(and mean) converges to the optimal solution x∗ as J gets large. The full conditional

distributions can be written as

πJ (x|ξJ) ∝

J∏
j=1

Q(ξj , x)1I(Wx 6 t, x > 0)

π(ξj|x) ∝ Q(ξj, x)p(ξj) for j = 1, 2, .., J

Demonstration of the proposed approach

We consider a one stage problem with random objective function parameters to

illustrate the implementation of the proposed method. We have, ξ = c = (c1, c2) and

we wish to solve

max
x1,x2

E[c1x1 + c2x2]

subject to x1 + bx2 6 t, x1 > 0, x2 > 0 (2.8)

The joint distribution from the augmented model is given by

πJ(x1, x2, c
J
1 , c

J
2 ) ∝

J∏
j=1

(c1jx1 + c2jx2)p(c1j , c2j)1I(x1 + bx2 6 t, x1 > 0, x2 > 0)

where cJi = (c1i , c
2
i , ..., c

J
i ), for i = 1, 2. We need the full conditional distributions to

sample from the joint distribution within a Gibbs framework. The full conditionals
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are given by

πJ(x1, x2|cJ1 , cJ2 ) ∝
J∏

j=1

(c1jx1 + c2jx2)1I(x1 6 t− bx2, x1 > 0, x2 > 0)

π(c1j |x1, x2, c2j) ∝ (c1jx1 + c2jx2)p(c1j) for 1 6 j 6 J

π(c2j |x1, x2, c1j) ∝ (c1jx1 + c2jx2)p(c2j) for 1 6 j 6 J

If we assume the probability distributions of ci’s are independent gamma densities

denoted as ci ∼ Γ(αi, γi), i = 1, 2, then the full conditional distribution of c1 will be

given by

π(c1j|x1, x2, c2) ∝ x1c
α1
1j exp{−γ1c1j}+ c2jx2c

α1−1
1j exp{−γ1c1j}

which is a mixture of two gamma distributions as

π(c1j|x1, x2, c2) = w1jΓ(α1 + 1, γ1) + (1− w1j)Γ(α1, γ1)

where the weight is given by,

w1j =
x1(α1 + 1)

x1(α1 + 1) + γ1c2jx2
.

Similarly, we can obtain

π(c2j|x1, x2, c1) = w2jΓ(α2 + 1, γ2) + (1− w2j)Γ(α2, γ2)
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with weight w2j given by

w2j =
x2(α2 + 1)

x2(α2 + 1) + γ2c1jx1

The interesting feature, specific to stochastic programming is the constraints and

therefore simulating from a constrained domain. If we do not have a recognizable

distribution that we can sample easily, we would need to use Markov Chain Monte

Carlo methods. While utilizing the Metropolis Hastings algorithm, picking a random

walk proposal density in the constrained region jeopardizes the validity of the algo-

rithm (Robert and Casella (2010)). Therefore, we propose values first according to

the random walk density and then reject it if the candidate value falls outside the

constrained domain and duplicate the current value. Within this demonstration, val-

ues from the full conditional distribution of (x1, x2) are sampled by using a random

walk Metropolis Hastings algorithm. The candidate generating density for (x1, x2) is

assumed to follow a bivariate normal distribution with mean (x1, x2) and a fixed co-

variance matrix that is tuned to have a reasonable acceptance rate (See Roberts and

Rosenthal (2001) for a detailed discussion). The Metropolis acceptance probability

then reduces to

α(x,x∗) = min[
πJ(x1∗,x2∗)

πJ(x1,x2)
, 1]

where xi∗ denotes a candidate draw for xi. The covariance matrix of the candidate

generating density is fixed to an estimate retrieved from samples in an initial burn-in

run. The feasibility of the candidate values are checked before acceptance in each
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iteration.

This method is theoretically shown to uncover the complexity of the target and

reach to a sample point from the desired distribution for any candidate generating

(proposal) density (Meyn and Tweedie (1993)). Here the choice of normal distribution

is arbitrary and it only affects the convergence rate. Random walk Metropolis Hast-

ings algorithm with normal candidate generating density is preferred as it considers

the previously simulated value and provides a local exploration of the neighbourhood

giving equal chance to both directions.

The sub-sequent draws from these full conditional distributions provide (x1, x2, c
J
1 , c

J
2 )

pairs after the convergence is reached. After discarding the other values, the mode

(or the mean) of the (x1, x2) values is calculated. If this mode value is feasible for all

scenarios, we stop and decide that this value is the optimal decision (x∗
1, x

∗
2). If the

mode value of x is not feasible for all scenarios, we check the feasibility for the next

most likely value and stop when we find a decision which is feasible for all scenarios

and decide that it is the optimal decision. Throughout this essay, it is assumed that

there is always a feasible solution of the decision variable, x, for all scenarios of the

random variable, ξ.

22



2.4.2 Problems with randomness in the constraint

In this subsection, we discuss the problem with a constraint which has a random right

hand side parameter value. We consider

max
x

Eξ[Q(x)]

subject to Wx 6 t(ξ), x > 0 (2.9)

where ξ and x denote the random and decision variable vectors, respectively. Our

setting is very simple in which t(ξ) can be replaced with the worst possible value

of this random variable. The aim of using this simple problem is to demonstrate

the use of augmented probability simulation for one stage stochastic problems with

randomness in the constraint so that it provides a base for more complex problems.

We can write down the joint distribution under the augmented probability model

using J copies of ξ as

πJ(ξ
J , x) ∝

J∏
j=1

Q(x)p(ξj)µ(x)1I(Wx 6 t(ξ), x > 0)

where ξJ = {ξ1, ξ2, ..., ξJ}, p(ξj) is the known probability distribution of the random

variable, the regularizing measure for the decision variable, µ(x) is uniform and follows

certain regularity conditions to ensure integrability. The full conditional distributions
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within the Gibbs sampler can be written as

πJ(x|ξJ) ∝

J∏
j=1

Q(x)1I(Wx 6 t(ξ), x > 0)

π(ξj|x) ∝ p(ξj)1I(Wx 6 t(ξ)) for j = 1, 2, .., J

Here, we sample from the original distribution of the random variable, truncated

to the constrained region. Although this approach is theoretically correct, in practice

it may become inefficient since sampling from constrained domains may be difficult

in some surfaces and computationally intensive for problems with many constraints.

In those particular cases, we can write down the dual formulation of the problem,

transfer the randomness into the objective function and solve the resulting problem.

This may not be straightforward for some primal problems. Therefore we propose

the use of penalty parameters. Instead of checking the feasibility of the constraints at

each iteration, penalty parameters can be incorporated into the proposed approach to

penalize the deviation from satisfying the constraint. The downside of this approach

is the inability to guarantee feasibility at all times. Therefore, we suggest to keep

the constraints whose feasibility is an integral part of the problem. Examples can be

non-negativity constraints, constraint of having values between 0 and 1.

A similar idea, Lagrangian multipliers, have been frequently used for solving

constrained optimization problems consisting of a non-linear objective function and

linear/non-linear constraint equations. A detailed discussion about use of Lagrangian

multipliers in multi stage settings are provided in the second essay.
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The penalty parameter, λ, is a function of (ξ) and it has a two point distribution.

If the constraint is satisfied, then λ = 0. If the constraint is violated, then the

value of λ should be chosen big enough to penalize the deviation from satisfying the

constraint. As the value of λ is dependent on the constraint, it implicitly is a function

of x as well. This is not stated explicitly in the rest of the dissertation to have a more

parsimonious representation.

The considered problem is re-written with penalty parameter, λ;

max
x

Eξ[Q(x) + λ(ξ)(t(ξ)−Wx)]

subject to x > 0 (2.10)

where ξ and x denote the random and decision variable vectors, respectively.

The joint distribution for the augmented probability model with penalty param-

eters using J copies of ξ as

πJ(ξ
J , x) ∝

J∏
j=1

(Q(x) + λ(ξj)(t(ξj)−Wx))p(ξj)µ(x)1I(x > 0)

where ξJ = {ξ1, ξ2, ..., ξJ}, p(ξj) is the known probability distribution of the random

variable, the regularizing measure for the decision variable, µ(x) is uniform and follows

certain regularity conditions to ensure integrability. The full conditional distributions

within the Gibbs sampler can be written as
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πJ(x|ξJ) ∝

J∏
j=1

(Q(x) + λ(ξj)(t(ξj)−Wx))1I(x > 0)

π(ξj|x) = (Q(x) + λ(ξj)(t(ξj)−Wx))p(ξj) for j = 1, 2, .., J

Deterministic constraints can also be incorporated into the objective function as

well as stochastic constraints. Such a solution method is illustrated using “Example

5” in the following section.

2.4.3 Problems with randomness in both objective function and con-

straint

In this subsection, we discuss the use of the augmented probability simulation ap-

proach in solving a one stage stochastic problem with a random objective function

and a random constraint. We consider

max
x

Eξ1,ξ2 [q(ξ1)x]

subject to Wx 6 t(ξ2), x > 0 (2.11)

where ξ1, ξ2 denote the random variable vectors with known probability distributions

whereas x is the decision variable vector.

One approach would be to use the penalty parameters to incorporate the stochastic

constraint into the stochastic objective function and solve the resulting problem.
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Another novel approach would be to use the samples from the augmented joint

distribution πJ (x, ξ1, ξ2). We separate the problem into two, one with only random

objective function given the values within the constraints and the other with the

stochastic constraint given the values of the objective function coefficient parameters.

The problem given the value of ξ2 (and therefore the value of t) would be:

max
x

Eξ1|ξ2 [q(ξ1)x] (2.12)

subject to Wx 6 t, x > 0

whereas the second problem given the value of ξ1 (and therefore the value of q) is:

max
x

Eξ2|ξ1 [qx] (2.13)

subject to Wx 6 t(ξ2), x > 0

We propose to use the dual formulation of the second problem where v is the dual

variable,

min
v

Eξ2|ξ1[t(ξ2)v] (2.14)

subject to v > q/W, v > 0

Given the value of ξ2, we can sample the pair (x, q(ξ1)) from the augmented joint

distribution constructed for the first problem, πJ(x, ξ1). Given that pair, one can

compute the pair (v, t(ξ2)) using the samples drawn from πJ(v, ξ2). We use these
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distributions as the full conditional distributions for πJ(x, v, ξ1, ξ2) within a Gibbs

setting. Overall, the joint distribution πJ (x, v, ξ1, ξ2) provide the optimal solution, x
∗

of the initial problem with randomness in both objective function and constraint.

2.4.4 Assessing Monte Carlo error

Comparison with crude Monte Carlo methods

As we have pointed out in the previous section, the draws of the decision variable,

x, are from the regions of the decision space with high objective function values

whereas the draws of ξj are tilted away from the predictive density p(ξj) toward

Q(ξj, x)p(ξj). Therefore, our method to draw the random variable can be treated a

special case of importance sampling in which the importance function is the objective

function. The use of importance sampling has long been known as a useful method

to increase the efficiency of Monte Carlo algorithms for integral estimation (For the

theory of importance sampling, see Glynn and Iglehart (1989), Dantzig and Glynn

(1990)). The basic idea is to use a proposal distribution, g(ξ), which is proportional

to the importance function and draw more frequently from the so called “important”

regions. The critical element of importance sampling is the choice of the proposal

density. A number of different proposals exist for g(ξ) such as additive (Infanger

(1992)) or multiplicative functions (Dantzig and Thapa (1997)). This method works

even if a bad proposal density is chosen at the cost of a higher sample size and reduced

variance reduction compared to crude Monte Carlo methods. In our approach, we

propose to use a proposal distribution which is proportional to the objective function,

Q(x, ξ) rather than directly drawing from the distribution of the random variable,
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p(ξ). As a result, the algorithm concentrates on the “smart” values of ξj where

the importance function is the objective function that tightens around the optimal

decision, x∗, with the convergence. Overall, sampling in a utility-tilted way helps to

draw the random parameter ξj, j = 1, .., J more frequently from where it has higher

utility in a maximization problem and this reduces the Monte Carlo error since no

time is spent in parts of the parameter space with low objective function values. This

helps in reducing the variance of the samples and results in reduced sample size.

Next, we describe the convergence properties of the Markov chain as a function of

G, the length of the chain, and J , the augmentation parameter. Following is based

on the discussion of the convergence properties of a similar approach (Jacquier et al.

(2006).

Convergence in G, the number of iterations in MCMC

In this essay, MCMC methods are used extensively to sample from non-standard

distributions. It is a standard result that (ξJ,g, x)Gg=1 become draws from the pseudo-

posterior distribution, ΠJ(ξ
J , x) as G → ∞ (See Gamerman and Lopes (2006)).

However, we need to decide on a practical length of the Markov chain to assess conver-

gence. Johannes and Polson (2004) provides a comparative review of standard MCMC

convergence diagnostics from both theoretical and practical point of views. Con-

vergence diagnostics are extensively studied in literature. Geweke, Gelman-Rubin,

Raftery and Heidelberg convergence diagnostics are among the most-widely used in

practice. We can also check the autocorrelation plots of the chain to analyze the

convergence since highly auto correlated samples may not traverse its distribution
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quickly.

Choice of initial points does not affect the nature of sample points drawn from

a specific distribution since the convergence will be reached no matter where the

sampling starts from. Initial point selection may only affect the convergence rate.

Use of J-copies from the joint distribution is expected to increase the convergence

rate of the MCMC methods by avoiding getting trapped in a certain region (Liang

and Wong (2001)).

Convergence in the augmentation parameter, J

From the results of Pincus and Muller, we know that the mode (and the mean) of the

samples of decision variable converges to the optimal solution as the augmentation

parameter, J , goes to infinity. While applying our method in practice we need to

choose a high enough J value so that the convergence can be guaranteed. Therefore,

there is a trade-off involved in choosing the value of J between computational time and

convergence. Jacquier et al. (2007) provides a practical approach to find the practical

necessary value of J by proving that marginal distribution πJ(x) is asymptotically

normal under certain regularity conditions and the standard error of estimating x∗

decreases to zero as J becomes large. J values can be chosen on a schedule such as;

J = 2, 10, 20, 100.

After convergence in G is guaranteed, using Bayesian credibility intervals can

provide the possible values of the mode (and/or mean) within a probabilistic state-

ment. One approach might be to compute the mode of the decision variable at every

(G/1000)th iteration where G is the number of total iterations, so that we have 1000
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samples for the mode. Then, we can compute the Bayesian credibility interval (high-

est probability density interval) for the mode and have a certain level of significance

of the solution. This can provide us a measure for the range of the solution for a

given J value.

Quality of the Solution, Stopping Criteria

In addition to presenting the optimality conditions for the proposed algorithm, the

quality of our solution as the solution of the true problem may also be validated.

This involves two aspects: feasibility of the candidate solution and the magnitude of

the optimality gap. We assume that there is at least one solution which is feasible

for all possible scenarios of the random variable. With respect to the optimality gap,

standard deterministic stopping rules would be inadequate as we conduct simulation

based optimization. In the stochastic optimization literature, there are a number

of stochastic stopping criteria suggested especially for multi-stage problems which

are discussed in detail in the second essay. In this essay, the idea of the proposed

duality based stopping criteria is briefly presented. It is extensively documented

within the results of the duality theory that the objective functions of the primal and

dual problems are equal under optimality (See Rardin (1998) for a discussion). We

propose to check the equality of the objective function values until a certain tolerance

is reached about the quality of the solution.

For the primal problem where ξ is the random variable with the known probability

distribution p(ξ), x is the primal decision variable, v is the dual decision variable and
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W , t are deterministic parameters;

max
x

Eξ[q(ξ), x]

subject to Wx 6 t, x > 0 (2.15)

the dual problem can be written as:

min
v

Eξ[tv]

subject to v > q(ξ)/W, v > 0 (2.16)

The difference between the objective function of the minimization problem and

the maximization problem should converge to 0 at optimality.

Eξ[tv]−Eξ[q(ξ)x]→ 0

A more detailed discussion of the proposed stopping criteria is provided in the second

essay.

2.5 Illustrative Examples

In this section, we illustrate the use of the proposed algorithm in solving certain opti-

mization problems. The first three problems are simple deterministic problems with

linear and quadratic objective functions. The fourth and fifth examples illustrate the

application of augmented probability simulation to solve one stage stochastic problem
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with randomness in objective function and constraints, respectively. Both objective

function and constraints are assumed as random in the sixth example. Afterwards,

certain implementation issues are discussed.

2.5.1 Example 1

We consider the deterministic linear problem below to show the application of simulation-

based deterministic programming.

min
x1,x2

3x1 + 2x2

subject to x1 + 4x2 > 10, x1 > 0, x2 > 0 (2.17)

This simple linear problem can be solved to optimality easily by using any of the

widely used deterministic methods such as simplex method and the optimal solution

for this problem is x∗
1 = 0 and x∗

2 = 5/2.

The full conditional distributions to implement our approach are:

πJ(x1|x2) =
exp−J3x11I(max(0, 10− 4x2) 6 x1 6∞)

K1(J, x1, c1)

πJ(x2|x1) =
exp−J2x21I(max(0, (10− x1)/4) 6 x2 6∞)

K2(J, x2, c2)

where the normalizing constants are

K1(J, x1, c1) =

∫
(max(0,10−4x2)6x16∞)

exp−J3x1
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and

K2(J, x2, c2) =

∫
(max(0,(10−x1)/4)6x26∞)

exp−J2x2

Normalizing constants are not written explicitly in the rest of the dissertation to keep

the formulations parsimonious.

After 1000 iterations, convergence is reached via the evidence from the trace plots

(See Figure 1). Autocorrelation plots, Geweke (0.181) and Gelman-Rubin (1.000)

convergence diagnostics also provide evidence for convergence. The pseudo-posterior

mode of the decision variables, x1 and x2, are found to be 0.005 and 2.503 (See Figure

2). The Monte Carlo error for the optimal solution are 0.5% and 0.12% respectively.

This error can be decreased by increasing the value of J and running the algorithm

for more iterations. The variance of the draws decrease when J increases. When J is

assumed to be 100 for 1000 iterations, the pseudo-posterior modes of x1 and x2, are

found to be 0.001 and 2.500, with Monte Carlo errors, 0.1% and 0.00% respectively.

2.5.2 Example 2

This example is chosen to show the use of dual problems for potential computational

advantages within our approach. We consider the deterministic linear problem below:

max
x1,x2

3x1 + 2x2

subject to x1 + 4x2 6 10, x1 > 0, x2 > 0 (2.18)
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Figure 1: Example 1 Trace plots of the decision variables x1 and x2
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Figure 2: Example 1 Density plots of the decision variables x1 and x2
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By using the simplex method, the optimal decision for this problem is found to be

x∗
1 = 10 and x∗

2 = 0. While implementing our algorithm, we suggest to use the dual

problem because of convenience in sampling. The dual problem, where dual variable

is v, can be written as:

min
v

10v

subject to v > 3, v > 2/4, v > 0 (2.19)

When J is assumed to be equal to 20, the draws from the pseudo-posterior distribution

πJ (v) ∝ exp−10Jv1I(v > 3, v > 2/4, v > 0)

converges to 3.001 after 1000 iterations (See Figure 3 for the trace and density plots)

which makes the objective function value 30. x1 and x2 can be calculated as 9.995

and 0.001, respectively. Monte Carlo errors for the decisions are 0.05% and 0.01%.

2.5.3 Example 3

Our approach theoretically can be used to solve quadratic problems as well. Consider

the simple quadratic problem:

max
x

− 3x2 + 4

subject to 5 6 x 6 10

(2.20)
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Figure 3: Example 2 Density and Trace Plots of the dual variable,v
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which has the optimal decision as 5, x∗ = 5. Using our method, the mode of the

pseudo-posterior distribution,

πJ (x) ∝ expJ(−3x2+4)1I(5 6 x 6 10)

is expected to converge to the optimal decision value as J gets large.

This sample can be retrieved from a one dimensional truncated normal distribution

with mean zero and standard deviation 1√
(6J)

. The mode of this distribution is found

as 5.000 for a J value of 20 in 1000 iterations (See Figure 4 for the supporting density

and trace plots of the decision variable).

37



Figure 4: Example 3 Density and Trace Plots of the decision variable,x
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2.5.4 Example 4

We consider a simple one stage problem with random objective function coefficients.

Hence, ξ = c = (c1, c2) and we wish to solve

max
x1,x2

Ec1,c2[c1x1 + c2x2]

subject to x1 + 0.5x2 6 5, x1 > 0, 0 6 x2 6 5

Our joint distribution will be defined over (x, cJ1 , c
J
2 ) where we draw the random vari-

ables J times. Our approach suggests that the mode of the joint distribution

πJ(x1, x2, c
J
1 , c

J
2 ) = C

J∏
j=1

(c1jx1+c2jx2)p(c1j, c2j)1I(x1+0.5x2 6 5, x1 > 0, 0 6 x2 6 5)
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converges to the optimal solution for this problem where the pseudo-posterior is as-

sumed to be integrable, C is the normalizing constant and cJi = (c1i , c
2
i , ..., c

J
i ), for i =

1, 2. We need the full conditional distributions to sample from the joint pseudo-

posterior distribution within a Gibbs framework. The full conditionals are:

πJ (x1, x2|cJ1 , cJ2 ) = C

J∏
j=1

(c1jx1 + c2jx2)1I(x1 6 5− 0.5x2, x1 > 0, 0 6 x2 6 5)

π(c1j |x1, x2, c2j) = Cc1j(c1jx1 + c2jx2)p(c1j) for 1 6 j 6 J

π(c2j |x1, x2, c1j) = Cc2j(c1jx1 + c2jx2)p(c2j) for 1 6 j 6 J

We assume a priori c1 and c2 have independent gamma densities. For distributional

assumptions, we take

c1 ∼ Γ(α1 = 150, γ1 = 50), c2 ∼ Γ(α2 = 100, γ2 = 50)

The optimal solution for this problem can be directly computed as (x∗
1, x

∗
2) = (2.5, 5).

You can refer to the previous section for a detailed walk-through to sample from

the full conditional distributions. We write

π(c1j |x1, x2, c2) = Cc1j(c1jx1 + c2jx2)p(c1j) where p(c1j) ∼ Γ(α1, γ1)

The conditional distributions for c1j and c2j are mixtures of gamma distributions.
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The conditional distribution of c1j is given by

π(c1j |x1, x2, c2) = Cc1j(c1jx1 + c2jx2)c
α1−1
1j exp{−γ1c1j}

which can be written as

π(c1j|x1, x2, c2) = Cc1j(x1c
α1
1j exp{−γ1c1j}+ c2jx2c

α1−1
1j exp{−γ1c1j}

= w1jΓ(α1 + 1, γ1) + (1− w1j)Γ(α1, γ1)

where the weight is given by, w1j =
x1(α1+1)

x1(α1+1)+γ1c2jx2
.

Similarly, π(c2j|x1, x2, c1) is a mixture of gamma distributions

p(c2j|x1, x2, c1) = w2jΓ(α2 + 1, γ2) + (1− w2j)Γ(α2, γ2)

where the weight is given by, w2j =
x2(α2+1)

x2(α2+1)+γ2c1jx1
.

While implementing the random walk Metropolis Hastings algorithm, we have

assumed that the fixed covariance matrix of the candidate generating density is [0.37

-0.62;-0.62 1.22] which has been found by running the algorithm for a small number

of iterations. The final acceptance rate within the random walk Metropolis Hastings

algorithm is found as 0.386 which is accepted as reasonable. The feasibility of the

candidate values are checked before acceptance in each iteration.

For this problem, the rate and scale values of the gamma distribution are given

as (α1, α2) = (150, 100) and (γ1, γ2) = (50, 50). The final functional form of the full
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conditionals for this problem are written as:

πJ(x1, x2|cJ1 , cJ2 ) = C

J∏
j=1

(c1jx1 + c2jx2)1I(x1 + 0.5x2 6 5, x1 > 0, 0 6 x2 6 5)

p(c1j|x1, x2, c2j) =
7x1

7x1 + 2c2jx2
Γ(7, 2) +

2c2jx2

7x1 + 2c2jx2
Γ(6, 2), for 1 6 j 6 J

p(c2j|x1, x2, c1j) =
5x2

5x2 + 2c1jx1
Γ(5, 2) +

2c1jx1

5x2 + 2c1jx1
Γ(4, 2), for 1 6 j 6 J

This linear problem is also solved via crude Monte Carlo sampling and the optimal

solution after 10000 iterations is found as x∗
1 = 5/2, x∗

2 = 5. When our algorithm is

run for 10000 iterations with a J value of 100, the mode of samples converge to 2.501

and 4.948 (See the supporting trace, density and autocorrelation plots in Figures 5-8).

Other than autocorrelation and trace plots, convergence diagnostics such as Geweke

(-1.517), Heidelberg and Gelman Rubin (1.01) also provide evidence for convergence.

The Monte Carlo errors are 0.04% and 1.04%, respectively. The decrease in the

variance of draws with increasing J value is noted when we run the algorithm for

different J values; 2, 10, 20 and 100 (See Figures 6 and 7).
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Figure 5: Example 4 Density plots for the random variables c1, c2 and decision vari-
ables x1, x2
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Figure 6: Example 4 Trace plots for the decision variable x1 for different values of J
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Figure 7: Example 4 Trace plots for the decision variable x2 for different values of J
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Figure 8: Example 4 Auto-correlation plots for the decision variables x1, x2
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2.5.5 Example 5

We consider a simple one stage problem with a constraint which has random right

hand side, t(ξ) following normal distribution with mean and standard deviation values

(5, 0.2)

max
x1,x2

Eξ[3x1 + 2x2]

subject to x1 + 0.5x2 6 t(ξ), x1 > 0, 0 6 x2 6 5

This problem is re-written with penalty parameters, λ and λ2;

max
x1,x2

3x1 + 2x2 + λ(ξ)(t(ξ)− x1 − 0.5x2) + λ2(5− x2)

subject to x1, x2 > 0

The penalty parameter, λ, is a function of ξ and it has a two point distribution. If

the constraint, x1+0.5x2 6 t(ξ), is satisfied, then λ = 0. If the constraint is violated,

then the value of λ is chosen as 1000 to penalize the deviation from satisfying the

constraint. The penalty parameter for the deterministic constraint λ2 is set in a

similar way, it is either 0 or 1000.

The joint distribution under the augmented probability model with λ and λ2 using

J copies of ξ as
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πJ(ξ
J , x1, x2) ∝

J∏
j=1

(3x1+2x2+λ(ξj)(t(ξj)−x1−0.5x2)+λ2(5−x2))p(ξj)1I(x1, x2 > 0)

where ξJ = {ξ1, ξ2, ..., ξJ}, p(ξj) is the known probability distribution of the random

variable. The full conditional distributions within the Gibbs sampler can be written

as

πJ(x|ξJ) ∝

J∏
j=1

(3x1 + 2x2 + λ(ξj)(t(ξj)− x1 − 0.5x2) + λ2(5− x2))

π(ξj|x) ∝ (3x1 + 2x2 + λ(ξj)(t(ξj)− x1 − 0.5x2) + λ2(5− x2))p(ξj) for j = 1, 2, .., J

This proposed algorithm provides candidate optimal solutions as (2.505, 4.931). It is

recognized that convergence is slower compared to the problems with random objec-

tive function such as Example 4.

2.5.6 Example 6

We consider a simple one stage problem with randomness in both objective function

and the constraint. The objective function coefficient, c is random as well as the right

hand side parameter, t, is.
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max
x

Ec,t[cx]

subject to 0 6 x 6 t

Using our approach, the joint distribution πJ(x, c, t) provides the optimal solution

x∗. Sampling remains as a challenge, we propose to use Gibbs sampling and sample

from the full conditional distributions πJ(x, c|t) and πJ(x, t|c). These distributions

can be written based on the implementation of the augmented probability simulation

approach when the value of random variable in either objective function (c) or con-

straint (t) is assumed to be known. Given the value of t, this problem can be written

as:

max
x

Ec|t[cx]

subject to 0 6 x 6 t
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Similarly, given the value of c, the problem can be written as:

max
x

Et|c[cx]

subject to 0 6 x 6 t

with the dual reformulation

min
v

Et|c[−tv]

subject to v 6 c

In this particular problem, c is assumed to follow a normal distribution with a mean

value of 5 and a standard deviation of 0.3 whereas t follows a normal distribution

with a mean value of 3 and a standard deviation of 0.2.

The full conditional distributions can be explicitly written as:

πJ(x, c
J |tJ) ∝

J∏
j=1

(cjx)p(cj)1I(0 6 x 6 tj) for j = 1, 2, .., J

πJ (v, t
J |cJ) ∝

J∏
j=1

(M − tjv)p(tj)1I(0 6 v 6 cj) for j = 1, 2, .., J

where M is a big enough constant value to ensure that the objective function always
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remains positive. Resulting samples of x after 10000 iterations for a J value of 49

converges to the optimal value, x∗ = 2.986 whereas the real optimal solution is 3 (See

Figure 9 for density and trace plots).

Figure 9: Example 6 Density and Trace plots of the decision variable x
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2.5.7 Implementation Issues

Sampling from the resulting non-standard distributions is the biggest challenge of our

approach. Some modifications may be needed to implement the proposed algorithm.

Firstly, sampling proves to be easier for a non-negative objective function in a min-

imization problem while applying the algorithm of Pincus to solve a deterministic

problem. As a result, the dual problem can be used whenever needed. Duality theory

and complementary slackness are useful to study the relationship between primal and

dual problems.
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Another requirement is the need to have a non-negative objective function for a

maximization problem while implementing augmented probability simulation. Jacquier

et al. (2006) proposes a shifting mechanism to handle negative objective functions in

a maximization problem. However; while computing the acceptance probability in

the Metropolis Hastings algorithm, the constant may dominate the objective func-

tion especially for objective function values in a wide range. Therefore, use of the

reciprocal functions of the negative objective function values is proposed.

The user needs to keep in mind that our method does not necessarily solve the

problem to optimality in each iteration. After convergence is guaranteed, the mode

(and the mean) of the decision variables is a candidate for the optimal solution.

When the variability of the random variable increases, it is found to be a better

idea to increase the value of the augmentation parameter, J , to reach convergence

faster. As we have more copies of random variables drawn, we can evaluate the effect

of variability of the random variable within the problem. The algorithm converges

slower when the variability of the random variable increases.

Another interesting observation is the case when a very high parameter value

dominates the distribution. For instance, optimization problems

min
x
(5x)1I(5 6 x 6 10)

and

min
x
(500000x)1I(5 6 x 6 10)
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have the same optimal solutions. However, when we solve these questions with our

approach, the convergence rates for the resulting distributions are very different.

Therefore, we may want to scale the distributions accordingly.

2.6 Conclusion

In this essay, a simulation based approach is introduced in order to solve one-stage

stochastic programming problems. The proposed approach is based on the augmented

probability simulation method of Müller (1999) and Bielza et al. (1999) and extends

their methodology to constrained stochastic optimization problems by using Pin-

cus’ results and J copies idea suggested by Müller (1999). The proposed approach

uses MCMC methods and introduces ways of making draws in the presence of con-

straints. Illustration is done with simple linear and quadratic objective functions.

The stochastic problems with random objective function and/or constraints are con-

sidered. Overall, this algorithm may provide an alternative method of solving one

stage problems with continuous uncertainty. It potentially provides smarter sampling

and it does not need any gradient information. However, the reader needs to keep

in mind that current approaches provide accurate solution methods for most of the

simple problems including the illustrated ones. Especially when the dimension of the

decision variables becomes high, the proposed method may prove to be ineffective

as sampling becomes more complex and computationally intensive. It may be ad-

vantageous in solving one stage problems under continuous uncertainty for which an

analytical solution is unavailable.
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The main challenge of our approach is sampling from the resulting non-standard

distributions. For problems with high dimensional decision variables, this has proved

to be issue in terms of computational time. Finding an effective MCMC method

can also prove to be a challenge, as sampling may not be straightforward and the

convergence may not be fast enough for some specific cases. For problems with high

dimensional decision variables, the effectiveness of sampling from a block or one-by-

one can be compared. When the objective function is flat and the optimal decision is

not significantly better than the other alternatives, the mode of the pseudo-posterior

distribution may not be distinctive. Increasing the augmentation parameter may

resolve this problem. For high dimensional problems, cluster analysis methods may

also be suggested to overcome this issue.

This first essay serves as the base for the proposed algorithms within the rest of

the dissertation. Some results including the convergence results will not be repeated

to keep the dissertation parsimonious. The dissertation continues with extensions of

the augmented probability method to multi stage stochastic problems.
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3 Essay 2: Simulation-Based Two-Stage Stochas-

tic Programming with Recourse

3.1 Summary

In this essay we develop an augmented probability simulation approach to solve two-

stage stochastic problems with recourse. The proposed approach can deal with both

discrete and continuous random variables. As before we use Markov chain Monte

Carlo (MCMC) methods such as Gibbs and/or Metropolis-Hastings to sample from

non-standard joint probability distributions implied by the augmented probability

model and use results from Pincus (1968) to find the optimal solutions at the first

stage. The method is initially introduced and demonstrated with toy examples. Af-

terwards, a particular two-stage production planning problem with stochastic con-

straints is solved to illustrate its application. The modified algorithm to solve the

version with a quadratic cost function is also demonstrated. Overall, an alternative

solution method for two-stage problems with recourse is presented. This approach

may potentially provide smarter sampling without needing any gradient information.

It may provide certain advantages while solving two stage problems with a low number

of decision variables under continuous uncertainty.

3.2 Introduction

Multi-stage problems with recourse is a particular class of sequential decision prob-

lems. They are based on postponing some decisions to a later stage until the un-
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certainty dissipates and a corrective recourse action can be implemented (Dantzig

(1955)). The term recourse refers to the opportunity to adapt a solution to the

specific outcome observed. A stage is defined as the time period at which a set of

parameters is resolved and a set of decision variables is specified. In this essay we

focus on the two-stage setting, but it is conceptually straightforward to extend the

two-stage formulation to multi-stage problems.

In a two stage recourse problem, at the first stage decision, x, also known as “here

and now” decision, is made before knowing the realization of the random variable,

ξ. The decision is made in a such way to be well positioned against all possible

observations of the random outcome ξ. In other words, one wants to make a first

stage decision that is feasible for all scenarios of the random variable, ξ, so that the

optimal expected reward (or penalty) associated with both stages is realized. After

uncertainty dissipates, the second stage decision, y, is determined by optimizing the

second stage problem for the specific combination of first stage decision and the

outcome value.

Consider the two-stage problem with recourse specified by

max
x

cx−E[Q(x, ξ)]

subject to Ax 6 b, x > 0

where Q(x, ξ) = min
y

q(ξ)y

subject to Tx+Wy > h, y > 0
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Our formulation varies slightly from the standard problem set-up (see, for example,

Kall and Wallace (1994)) in that we use a maxx at the first stage rather than a minx.

Let the first stage decision be denoted by x and the uncertain variable be ξ, which

is drawn from a known probability distribution p(ξ). The second stage objective

function, Q(x, ξ), is known as the recourse function. The second stage decision y(ξ)

depends on ξ and thus the recourse feature of the problem exists. In this formulation,

only q is assumed to be random and is a function of ξ. Examples in which the vector

h is assumed as random are also discussed later in this essay. The dimensions of

W ,T and h are m2 × n2, m2 × n1, m2 × 1, respectively. The dimension of the first

stage decision variable x is n1 × 1 whereas the second stage decision variable y has

a dimension of n2 × 1. The parameters c, A, b are pre-specified deterministic arrays

with appropriate dimensions. Throughout this essay, relatively complete recourse is

assumed which ensures all first stage decisions are second stage feasible and we have

a bounded recourse function, Q(x, ξ).

A basic representation of this problem showing the sequence of decision and ran-

dom variables is given in Figure 10. This is a particular setting of a decision problem.

In the first stage, prior to knowing the value of the random variable, a feasible first

stage decision is made to maximize the first stage objective function and expected

recourse function while satisfying the first stage constraints. The objective can be

written as

max
x
(cx−Eξ[q(ξ)y(ξ)])1I(Ax 6 b, x > 0, Tx+Wy(ξ) > h, y(ξ) > 0)
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Figure 10: Decision Tree Representation of a Two Stage Recourse Problem

for a given value of ξ.

When the uncertainty disappears, the second stage decision is made trying to

minimize the second stage cost for each realization of the random variable and first

stage decision while satisfying the second stage constraints. Thus, the objective at

the second stage is

min
y
(q(ξ)y)1I(Tx+Wy > h, y > 0)

Some examples of the two stage recourse problems include

i) A production manager needs to decide on the capacity level at each production

facility in the first stage before knowing the demand. After the demand is known,

a recourse action is taken to minimize the production costs while meeting the

demand by a second stage decision of production plans.

ii) A farmer needs to decide how much land to devote to each crop without knowing

the productivity which is dependent on the weather. After the productivity

is known, the farmer can take a corrective action by selling or purchasing a
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specific kind of crop in the second stage to maximize his profit while satisfying

the constraints.

The rest of the essay is outlined as follows. The next subsection provides a lit-

erature review. Section 3.3 describes our simulation-based methodology and demon-

strates the application of the algorithm to solve two stage problems with both discrete

and continuous sources of uncertainty at the recourse stage. A modified version of

the algorithm with penalty parameters is introduced and possible implementation

issues are discussed. Section 3.4 shows the implementation of the algorithm for a

linear production planning problem. A brief demonstration of the algorithm to solve

the problem with quadratic functions is also provided. The essay concludes with a

discussion of contributions, limitations and possible extensions.

3.2.1 Literature Review

The main difficulty in solving a two stage problem is presented by the evaluation of

the expected recourse function. When the stochastic uncertainty is represented with

a discrete distribution with a small number of scenarios, we can rewrite the problem

explicitly as a deterministic problem and solve for optimality via simplex or interior

point methods.

When the number of scenarios increases, L-shaped method (van Slyke and Wets

(1969)), an extension of Bender’s algorithm (Benders (1962)), has been used. This

cutting plane technique is scalable and straightforward to implement with a discrete

source of uncertainty. Several variants of this method have been proposed, including

the multi-cut L-shaped algorithm of Birge and Louveaux (1988). The basic idea is

58



to represent the second stage problem by a scalar variable and cuts in the objective

function. This scalar variable essentially linearizes the expected recourse function

and the cuts represent the second stage constraints in terms of first stage decision

variable.

The recourse problem in which uncertainty is within the constraints, specifically

h and T are random, is shown below.

min
x

cx+ E[Q(x, ξ)]

subject to Ax 6 b, x > 0

where Q(x, ξ) = min
y

qy

subject to T (ξ)x+Wy > h(ξ), y > 0

This problem is then replaced with master and dual sub-problems via L-shaped

method. The dual of the second stage problem is used to represent uncertainties in

the objective function. The dual sub-problem for the kth uncertainty scenario with

the dual decision variable, vk, can be written as

Q(x, ξk) = max
v

vk(hk − Tkx)

subject to vkW 6 q, vk > 0

The expected recourse function, E[Q(x, ξ)], becomes E[v(h − Tx)] with compo-
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nents

g = E[vh] =
K∑
k=1

pkvkhk and G = E[vT ] =
K∑
k=1

pkvkTk.

where pk is the probability of k
th scenario.

One can define the scalar variable as θ which is a linearisation for the expected

recourse function with subject to constraints, θ > E[v(h− Tx)] = (g −Gx).

The first stage objective function, cx, and the approximation, θ, then constitutes

the objective function for the master problem. The master problem is then defined

by:

min
x

cx+ θ

subject to Ax 6 b, x > 0

θ > (g −Gx), θ > 0

One caveat with this approach is that the computation of the expected recourse

function becomes more difficult for continuous sources of uncertainty, ξ, as it involves

the computation of an integral. Therefore it needs to be estimated. Successive discrete

approximation methods that include computing Jensen inequalities and Edmundson-

Madansky bounds are proposed to overcome this issue (Birge and Louveaux (2011)).

The most widely used approaches, however, are based on replacing the continuous

distribution with a discrete approximation. Mitra (2008) provides an extensive sur-

vey of main scenario generation methods including simulation based methods, hybrid

methods and statistical approaches such as moment matching, principal component
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analysis. Among these, the gradient-step based methods and Monte-Carlo simulation

based methods have attracted more interest. In gradient-step based procedures such

as stochastic approximation, movement is made towards the estimated gradient di-

rection given a current best setting of the decision variable and a sampled point. On

the other hand, the sample average approximation method is based on the application

of direct Monte Carlo methods. It takes many simulations, estimates the objective

function as the average of the objective functions calculated for each simulation and

then optimizes the resulting estimates with deterministic optimization methods. This

method utilizes already existing deterministic optimization procedures so it can deal

with the problems with complicated constraints for which the gradient-step based

methods have difficulty (Robinson (1996)). However, many deterministic optimiza-

tion procedures also require the availability of derivatives. Stochastic quasi gradient

methods by Ermoliev (1988) and Gaivoronski (1988) have also been proposed to solve

two stage recourse problems. They are stochastic versions of sub-gradient methods

that are used for minimizing convex objective functions. Although they can be very

effective in problems with low dimensional random variables, they can have poor

convergence properties in high dimensions. Use of direct Monte Carlo methods are

discussed in more detail as our approach aims to alleviate some of the issues which

such methods suffer from.

Direct Monte Carlo Methods for Two Stage Problems with Recourse

Direct Monte Carlo has been one of the widely used methods of choice for estimat-

ing expectation functions. Its use in stochastic optimization problems with recourse

can be classified into two groups, external and internal sampling methods. In exter-
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nal sampling methods, sampling and optimization are implemented separately. After

sampling to estimate the expected recourse function, necessary decomposition meth-

ods such as the L-shaped method are used to solve the optimization problem. On the

other hand, internal sampling involves sampling and optimization to be performed

simultaneously which can lead to computational advantages.

Considering our standard formulation with random parameters q(ξ) in the ob-

jective function, external sampling suggests to replace the distribution of ξ with an

empirical discrete distribution of G sampled points or scenarios and an approximate

expected value function for

E[Q(x, ξ)] =

∫
Q(x, ξ)P (dξ)

is

Êξ[Q(x, ξ)] =
1

G

G∑
g=1

Q(x, ξg) with ξ ∼ p(ξ)

After estimating the expected recourse function, the master problem or so-called

sample average approximation (SAA) problem can be solved with a deterministic

optimization method by calculating

max
x

cx+
1

G

G∑
g=1

Q(x, ξg)

subject to Ax 6 b, x > 0

where Q(x, ξg) = min
y

q(ξg)yg

subject to Tx+Wyg > h, yg > 0
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External sampling methods such as direct Monte Carlo simulation are straightforward

to implement. Their asymptotic properties of the approximate optimal value are well

documented. For example, by the law of large numbers, Ê[Q(x, ξ)] → E[Q(x, ξ)]

(Dempster et al. (1977)). However, external sampling methods can become computa-

tionally ineffective when the dimension of the stochastic variable and the number of

scenarios increase. An alternative is importance sampling methods which can increase

efficiency. Rather than directly drawing from p(ξ), one uses a proposal distribution

which places more weight in the region of highQ(x, ξ) values. The caveats are that the

expectation functions may not be differentiable and the optimal first stage problem

still needs to be solved with deterministic optimization methods.

Internal sampling methods circumvent a number of these issues as sampling is

embedded within the optimization method, such as L-shaped algorithm. Stochastic

decomposition (SD) due to Higle and Sen (1991, 1996) uses direct Monte Carlo to

estimate the expectation functions g = E[vh] and G = E[vT ] instead of computing

them exactly as in regular L-shaped methods. Infanger (1992) suggests the use of

importance sampling within the L-shaped method. The cuts are also updated within

the algorithm as additional sample points are drawn while the algorithm proceeds.

One difficulty with this method is that the convergence to an optimum may only occur

on a subsequence and that the existing cuts become redundant in the later stages of

the algorithm. Regularized SD algorithms due to Higle and Sen (1996) eliminate the

excess cuts by adding a regularizing term.
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3.3 Augmented simulation approach for two-stage problems

with recourse

As in the first essay, in our development, we plan to make continued use of the

following simulation property due to Pincus (1968). Given a minimization problem

with the objective function, F (x) and a constraint set Ax > b, we define a joint

distribution

πJ(x)
△
=

exp {−JF (x)}
E[exp {−JF (x)}] where E [exp {−JF (x)}] =

∫
Ax>b

exp{−JF (x)}dµ(x)

under a flat dominating measure, µ. The mode of πJ(x) converges to the optimal

decision, x∗. However, calculating the mode can prove to be difficult especially in high

dimensional cases. We know from the theory that as J −→ ∞, the mean denoted

by EπJ
(x) converges to argminx:Ax>bF (x)(Pincus (1968)). The mean can be used

interchangeably with mode when the simulation size,G, and the value of parameter

J are very large. As long as we can sample from πJ(x), we can then use Monte Carlo

averaging to find the mean of πJ which converges to the optimal solution for a large

value of J . J is an algorithmic augmentation parameter set by the user usually on a

schedule, J = 2, 10, 20, 100 (See Jacquier et al. (2007)).

In a two stage problem, we need to define an augmented probability distribution

on sources of uncertainty and decision variables so as to calculate the optimal first

stage decision, x∗ (See Bielza et al. (1999)). In this essay, we adopt this augmented

probability concept to constrained domains in a two-stage setting. Our method differs
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from the existing approaches as we simultaneously perform optimization and compute

expectation via our augmented probability model without computing the expectation

and doing the optimization explicitly step by step. We convert the optimization

problem into a simulation problem.

First, as ξ ∼ p(ξ) introduces a distribution over q(ξ), we can express the second

stage problem as miny q(ξ)y(ξ). We then define the copied variables (ξJ , yJ) given by

(ξJ , yJ) = {(ξ1, y1), ..., (ξJ , yJ)}

We can now define our joint distribution πJ(x, ξJ , yJ) as

πJ (x, ξJ , yJ) = C−1
J∏

j=1

((cx− q(ξj)yj)p(ξj)1I(x, yj))

where C is an appropriate normalizing constant which is equal to (E[cx − q(ξ)y])J

and the indicator denotes the set

1I(x, yj) = {x > 0, yj > 0|Ax 6 b, Tx+Wyj > h}

This is a valid joint distribution as the objective function is assumed to be positive.

We also assume integrability with respect to dµ. The marginal distribution for the

first stage variable is then given by

πJ (x) =

∫
πJ (x, ξJ , yJ)dξJdyJ
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The marginal density of the first stage decision variable becomes πJ(x) = (E[cx −

q(ξ)y])J1I(x, yJ). By substituting F (x) in Theorem 2.1, with ln(E[cx − q(ξ)y]), we

can see that the mean of this distribution will collapse on the desired x∗.

We now turn to the problem of how to sample from πJ (x, ξJ , yJ) and hence from its

marginal πJ(x). To do this, we propose to use Markov chain Monte Carlo (MCMC).

To sample from the joint distribution πJ(x, ξJ , yJ), we can use Gibbs/ Metropolis-

Hastings algorithms. We can then define a Markov chain that has the appropriate

equilibrium distribution. The full conditional distributions can be written as:

π(x|ξJ , yJ) = C−1

J∏
j=1

(cx− q(ξj)yj)1I(Ax 6 b, x > 0, Tx+Wyj > h, yj > 0)

π(ξj|x, yj) = C−1
qj (cx− q(ξj)yj)p(ξj) for j = 1, 2, .., J

π(yj|x, ξj) = C−1
yj exp{−Jq(ξj)yj}1I(Tx+Wyj > h, yj > 0) for j = 1, 2, .., J

where the normalizing constants are given by

C−1 = (E[cx− q(ξ)y])J ,

C−1
qj = E[cx− q(ξj)yj],

C−1
yj = E[exp{−Jq(ξj)yj}]1I(Tx+Wyj > h, yj > 0) =

∫
Tx+Wyj>h,yj>0

exp{−Jq(ξj)yj}dyj

The normalizing constants are not written explicitly in the rest of the essay to have a

parsimonious formulation. By starting at an initial value (x(0), ξ
(0)
J , y

(0)
J ) and sampling

through the conditionals we define a Markov chain where (x(g), ξ
(g)
J , y

(g)
J )

D−→ πJ . If
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we then take the marginal draws x(g), we have draws x(g) ∼ πJ (x). Hence we can

use x̂G = 1
G

G∑
g=1

x(g) as a Monte Carlo estimate of the mean of πJ(x), check if it is

feasible for all scenarios of the second stage. If it is feasible, we can use this value as

a candidate for the optimal decision x∗. If it is not feasible, we need to find the most

likely value which is feasible for all scenarios.

Algorithm for Two-Stage Stochastic Programming with Recourse

A general representation of the proposed algorithm for the recourse problem with

randomness in the second stage objective function, q(ξ), is provided step by step.

1. Set iteration number, g, as 0 and choose first stage feasible initial values (x(0), ξ
(0)
j )

2. Draw y
(0)
j from its full conditional distribution

π(y
(0)
j |x(0), ξ

(0)
j ) = Cyjexp{−Jq(ξ(0)j )}1I(yj > max(0, (h− Tx(0))/W ))

3. Set iteration number, g, as g+1

4. Draw x(1) from the conditional distribution

π(x1|ξ(0)J , y
(0)
J ) = C

J∏
j=1

(cx− q(ξ
(0)
j )y

(0)
j )1I(Ax 6 b, x > 0)

5. Draw ξ
(1)
j for j=1,2,...,J

π(ξ
(1)
j |x(1), y

(0)
j ) = Cξj(cx

(1) − q(ξj)y
(0)
j )p(ξj)
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6. Draw y
(1)
j from its full conditional distribution

π(y
(1)
j |x(1), ξ

(1)
j ) = Cyjexp{−Jq(ξ(1)j )}1I(yj > max(0, (h− Tx(1))/W ))

7. Go back to Step 3 and draw x, ξ, y from their respective full conditional distri-

butions until convergence

8. After convergence is guaranteed, discard values other than x and calculate the

mode (or mean) value of x

9. If the mode value of x is feasible for all scenarios in the second stage, stop and

decide that this value is the optimal decision

10. If the mode value of x is not feasible for all scenarios in the second stage, check

the feasibility for the next most likely value and stop when a decision that is

feasible for all scenarios is found and decide that it is the optimal decision.

Convergence Diagnostics and Stopping Criteria

One potential advantage of this joint optimization and integration approach is

that it can deliver Monte Carlo bounds in high dimensions. This is due to the fact

that using MCMC sampling can result in fast convergence such as geometric con-

vergence (λG) in nearly all cases and polynomial time in some cases. In contrast,

even sophisticated Monte Carlo strategies such as importance sampling result in the

standard central limit theorem type convergence(
√
G) (See the discussion by Aldous

(1987)). We have provided a detailed discussion about the convergence properties of
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the Markov Chain as a function of G, the length of the chain, and J , the augmen-

tation parameter in the previous essay. Therefore, we will not provide a repetitive

discussion of assessing Monte Carlo error in this essay.

The main emphasis of this subsection is to discuss approaches to detect the quality

of the solution from the optimization perspective, in other words to estimate the

optimality gap. There are different approaches to judge the quality of candidate

solution for Monte-Carlo based stochastic optimization methods. Mak et al. (1999)

suggest the use of confidence intervals on the optimality gap whereas testing Kuhn-

Tucker optimality conditions are suggested by Shapiro and de Mello (2000). Higle

and Sen (1996) propose different classes of statistical tests based on duality theory,

asymptotic properties regarding the sequence of incumbents and estimation of the

optimality gap. King and Rockafellar (1993) also provide a further discussion on

statistical properties of the estimates.

We propose a duality based stopping criterion by using the result that the objective

functions of the primal and dual problems are equal under optimality. The objective

function values are checked for the candidate solutions within the proposed algorithm

until a certain tolerance is reached about the quality of the solution. Below, we show

a simple implementation of the proposed stopping criterion for a random variable

with two possible values. We assume ξ has two possible values ξ1 and ξ2 with certain

probabilities.
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The two stage recourse problem is written as:

max
x,y

cx− [
q(ξ1)y(ξ1) + q(ξ2)y(ξ2)

2
]

subject to Ax 6 b, x > 0, Tx+Wy(ξ1) > h, y(ξ1) > 0, Tx+Wy(ξ2) > h, y(ξ2) > 0

The dual version of the same problem with dual variables v = {v1, v2, v3} is written

as:

min
v1,v2,v3

bv1 + [
hv2 + hv3

2
]

subject to Av1 + Tv2 + Tv3 > c,Wv2 > −q(ξ1),Wv3 > −q(ξ2), v1, v2, v3 > 0

In addition to constructing the augmented probability model, πJ(x, ξ, y) to retrieve

the candidate optimal solution, we also solve the dual problem via the augmented

probability model, πJ (v, ξ, y). After convergence is guaranteed, we compute the mode

of the primal and dual variables as the candidate primal and dual solutions. The

difference between the objective function of the dual problem and the primal problem

should converge to 0 at optimality. We repeatedly compute the difference between

objective functions for candidate first stage solutions until the percentage of difference

between the dual and primal problems is lower than the pre-determined tolerance

level. Increasing the value of the augmentation parameter, J , is expected to increase
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convergence rate.

In duality theory, dual variables are also known as shadow prices. Shadow price is

the instantaneous change in the objective function value for the optimal solution per

unit change of the constraint. In other words, dual variables can be used to analyse

the marginal utility of relaxing the constraint.

3.3.1 Augmented probability simulation with penalty parameters

Sampling from constrained domains may be difficult in some surfaces and compu-

tationally intensive for problems with many constraints. In those cases, penalty

parameters can be incorporated into the proposed approach to penalize the deviation

from satisfying the constraint instead of checking the feasibility of the constraints.

The downside of this approach is the inability to guarantee feasibility at all times.

Therefore, we suggest to keep the constraints whose feasibility is an integral part of

the problem. Examples can be non-negativity constraints, constraint of having values

between 0 and 1 for percentage variables. This version of the augmented probabil-

ity simulation with penalty parameters can be beneficial for particular problems with

randomness in constraints. The effect of the constraint can be reflected better when it

is embedded into the objective function. Otherwise, the stochastic constraint affects

the acceptance of the candidate value in the sampling procedure which may increase

the convergence rate.

One similar idea, Lagrangian multipliers, have been frequently used for solving

constrained optimization problems consisting of non-linear objective functions and

linear/non-linear constraints. The basic idea is to embed the first and second stage
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constraints into the objective function. In the original method of Lagrangian mul-

tipliers, constraints multiplied by a Lagrangian variable, λ are subtracted from the

objective function, which is then differentiated with respect to each variable and

solved. In small dimensions, this has been proved to be a powerful tool especially

when the constraints are very complex to solve for (Rardin (1998)). As the size of the

problem increases, the mathematics may become more difficult to deal with. Another

method based on the same idea is augmented Lagrangian technique, which may be a

good alternative instead of the derivative-based methods as it requires sub gradient

information (Birge and Louveaux (2011)). Some other influential papers about the

use of Lagrangian based methods in stochastic programming include the works of

Rockafellar and Wets (1991), King (1988), Dempster (1988) and progressive hedging

algorithm of Rockafellar and Wets (1986) which aim to solve stochastic problems with

non-linear components.

In our approach, we may also use penalty parameters to avoid sampling from

the domains with non-linear constraints. As non-linearity is considered within a

distributional setting, this does not bring any extra computational burden compared

a problem with linear objective function. It may alter the convergence rate, but

also may provide the opportunity for easier sampling due to the possibility of ending

up with already known functional forms. Demonstration of such an algorithm is

presented in the next section.

One important aspect of this modified approach is the choice of penalty parame-

ters which has a two point distribution. We have proposed to penalize the deviation

from the equality with a pre-specified high or low enough parameter value. The value
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of this penalty parameter can be chosen according to the desired level of constraint

satisfaction. When the constraint is satisfied, the penalty parameter takes the value

of 0. While implementing the proposed method, one can check the percentage of

feasibility at a given iteration and update the value of the penalty parameter accord-

ingly.

The formulation of the two stage recourse problem

max
x

cx−E[Q(x, ξ)]

subject to Ax 6 b, x ≥ 0

where Q(x, ξ) = min
y

q(ξ)y

subject to Tx+Wy > h, y > 0

can be rewritten using penalty parameters, λ1 and λ2 as

max
x,λ1

cx− λ1(b− Ax)− E[Q(x, ξ, λ2)]

subject to x ≥ 0

where Q(x, ξ, λ2) = min
y,λ2

q(ξ)y + λ2(h− Tx−Wy)

subject to y > 0

In this demonstration, we assume that ξ follows a lognormal distribution with
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parameters (0, 0.1). Our joint distribution, πJ(x, λ1, ξJ , yJ , λ2J) is defined as follows.

π(x, λ1, ξJ , yJ , λ2J) = C

J∏
j=1

(cx−λ1(b−Ax)−q(ξj)yj−λ2j(h−Tx−Wyj))p(ξj)1I(x ≥ 0)

A Gibbs sampling based MCMC method is proposed with the following full con-

ditional distributions with the normalizing constants C, Cξj and Cyj which are not

provided explicitly.

π(x|λ1, ξJ , yJ , λ2J) = C
J∏

j=1

(cx− λ1(b− Ax)− q(ξj)yj − λ2j(h− Tx−Wyj)1I(x ≥ 0))

π(ξj|λ1, x, yj, λ2j) = Cξj(cx− λ1(b−Ax)− q(ξj)yj − λ2j(h− Tx−Wyj))p(ξj)

π(yj|x, λ1, ξj, λ2j) = Cyjexp{−J(q(ξj − λ2jW )yj}1I(yj > 0) for 1 6 j 6 J

3.3.2 Demonstration on a problem with discrete uncertainty

We now aim to demonstrate our methodology on a two stage problem with recourse

with discrete uncertainty and small number of decision variables. Although this

problem can be solved by deterministic methods as the number of the scenarios are

small, this demonstration would help to illustrate the proposed methodology in a

discrete setting.

We consider the below formulation of the two stage recourse problem where un-
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certainty is in the objective function.

max
x

cx−E[Q(x, ξ)]

subject to Ax 6 b, x > 0

where Q(x, ξ) = min
y

q(ξ)y

subject to Tx+Wy > h, y > 0

In this demonstration, we assume that ξ follows a discrete uniform distribution on

the set {0.1, 0.2, ..., 1}. The objective function of the first stage problem for a specific

scenario, cx− q(ξ)y, is chosen such that it is non-negative in a maximization problem

setting. The objective function of the second stage problem, which is a minimization

problem, is also chosen to be non-negative.

Our joint distribution, πJ(x, ξJ , yJ) is defined as follows.

π(x, ξJ , yJ) = C
J∏

j=1

(cx− q(ξj)yj)p(ξj)1I(x > 0)

In the following, a Gibbs sampling based MCMC method is proposed and sampling

from the resulting truncated distributions are discussed. The following full conditional
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distributions can be used to implement a Gibbs sampler.

π(x|ξJ , yJ) = C

J∏
j=1

(cx− q(ξj)yj)1I(Ax 6 b, x > 0, Tx+Wyj > h for 1 6 j 6 J)

π(ξj|x, yj) = Cξj(cx− q(ξj)yj)p(ξj) for 1 6 j 6 J

π(yj|x, ξj) = Cyjexp{−Jq(ξj)yj}1I(yj > max(0, (h− Tx)/W )) for 1 6 j 6 J

The one difficult conditional to sample from is π(x|ξJ , yJ). We can either grid in

this low dimensional case or use a random walk Metropolis algorithm. The latter

is proposed for demonstration purposes. It is assumed that the candidate values

for x, x∗, are drawn from a normal distribution with mean x and a fixed standard

deviation. Selecting any other candidate generating density would not affect the

procedure, it would only affect the convergence rate of the algorithm. Since a sym-

metric candidate generating density is proposed, the acceptance probability reduces

to α(x, x∗) = min[Q(x∗)
Q(x)

, 1] where Q(.) denotes the criterion function for the respective

x value. The first stage feasibility of candidate values are checked before acceptance

in each iteration. In the final step of this algorithm, the value of x is either preserved

or replaced with x∗.

The full conditional distribution of ξj is a discrete distribution with modified

probabilities that are proportional to (cx− q(ξj)yj) where ξj ∈ {0.1, 0.2, ..., 1}.

The full conditional distribution of the second stage variable, π(yj|x, ξj), follows

truncated exponential distribution. Instead of generating from the unconstrained full

conditional and retaining the variate value only if it falls in the constrained region,
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Devroye (1986) suggests to use a uniform transformation. Suppose the form of the

distribution function, Fi of the variable θi is available and the cross section is an

interval, say [a,b] , then θi = F−1
i [Fi(a) + U(0, 1)(Fi(b) − Fi(a))] is a draw from the

constrained distribution. Using this transformation, π(yj|x, ξj) can be sampled for

(a, b) = (max(0, (h− Tx)/W ),∞) via

yj = F−1[F (max(0, (h− Tx)/W )) + (U(0, 1)(F (∞)− F (max(0, h− Tx))]

Plugging in these values to the uniform transformation, we will end up with

yj =
1

−Jq(ξj)
ln[(U(0, 1))(exp{−Jq(ξj)max(0, (h− Tx)/W )})]

To run an MCMC algorithm, we start at (x, ξJ)
(0) and then given a current value

(x, ξJ , yJ)
(g) we draw until convergence. After discarding the other sample points

other than x, we calculate the mode of x. Given that this mode is feasible for all

scenarios, it approximates the optimal decision, x∗.

A particular setting of this problem is solved with parameters

c = 3, A = 1, B = 3, T = 0.5,W = 1, t = 5

It is also assumed that q(ξ) = ξ and ξ follows a discrete uniform distribution on the

set {0.1, 0.2, ..., 1}. We can in fact write the problem explicitly as a deterministic

linear problem and solve easily for the optimal first stage decision, x∗ = 3. By direct

computation, the optimal value of the objective function is 7.075.

77



In our implementation; J is assumed to be 100, the standard deviation of the

candidate generating density used in random walk Metropolis Hastings algorithm is

set as 0.1 and the algorithm is run for 5000 iterations with 500 burn-in samples.

While running an MCMC algorithm, we start at (x, ξJ)
(0) and then given a current

value (x, ξJ , yJ)
(g) we draw until convergence. Convergence can be said to be reached

after 5000 iterations via the evidence from the trace and autocorrelation plots (See

Figures 11, 12). The pseudo-posterior mode of the first stage decision variable, x, is

found to be 2.997 (See Figure 13). The Monte Carlo error for the optimal decision

variable is found as 0.10%. This error can be decreased by increasing the value of J

and running the algorithm for more iterations.
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Figure 11: Trace plots for the decision variable x for different values of J
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3.3.3 Demonstration on a problem with continuous uncertainty

We illustrate the feasibility of our approach with regards to the assumptions of the

stochastic uncertainty, we use the same criterion function but we now replace the
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Figure 12: Auto-correlation plot for the decision variable x
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Figure 13: Density plots for the decision variables x, y and histogram for the random
variable ξ
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discrete source of uncertainty with a continuous one. Our problem is given by

max
x

cx−E[Q(x, ξ)]

subject to Ax 6 b, x > 0

where Q(x, ξ) = min
y

q(ξ)y

subject to Tx+Wy > h, y > 0

According to our method, the marginal mode (or the mean) of the joint distribu-

tion,

πJ(x, ξJ , yJ) = C
J∏

j=1

(cx−q(ξj)yj)p(ξj)1I(x > 0, Ax 6 b, yj > (h−Tx)/W, yj > 0 for j=1,..,J ))

converges to the optimal decision, x∗. As it is not straightforward to sample from

this joint distribution, a Gibbs setting where there is consequent sampling from the

full conditional distributions is proposed. The full conditional distributions are:

π(x|ξJ , yJ) = C

J∏
j=1

(cx− q(ξj)yj)p(ξj)1I(x > 0, Ax 6 b, Tx+Wyj > h for j=1,..,J )

π(ξj|x, yj) = Cξj(cx− q(ξj)yj)p(ξj)

π(yj|x, ξj) = Cyjexp{−Jq(ξj)}1I(yj > max(0, (h− Tx)/W ))

where C, Cξj and Cyj are normalizing constants.

Sampling from the full conditional distributions of x and y are implemented using

the same approach that is discussed in the previous subsection. Unlike the second
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problem with the discrete random variable, the full conditional distribution of ξj is

continuous for this problem. Its form is unknown, therefore we suggest to use random

walk Metropolis Hastings algorithm. The candidate values for ξj, denoted by ξj∗, are

drawn from normal distribution truncated to the non-negative space with the current

mean and a fixed standard deviation. The acceptance probability becomes α(ξj∗, ξj) =

min[
Q(ξj∗)p(ξj∗))
Q(ξj)p(ξj)

, 1] where Q(.) denotes the objective function, (cx − q(ξj)yj), for the

respective ξj value. The feasibility of candidate values are checked before acceptance

in each iteration. To run an MCMC algorithm, we start at (x, ξJ)
(0) and then given

a current value (x, ξJ , yJ)
(g) we draw until convergence. After discarding the other

sample points other than x, we calculate the mode of x. Given that this mode is

feasible for all scenarios, it approximates the optimal decision, x∗.

This problem is solved with parameters

c = 3, A = 1, B = 3, T = 0.5,W = 1, t = 5

It is also assumed that q(ξ) = ξ and ξ follows a lognormal distribution with parameters

(0, 0.1); ξ ∼ LN (0, 0.1). When we increase the variance of the random variable, we

may need a larger augmentation parameter value, J and more iterations, G.

Crude Monte Carlo sampling with 5000 samples within Sample Average Approx-

imation method provides the optimal first stage decision value x∗ = 3. The optimal

value for the decision variable is 3, no matter the number of scenarios sampled,

whereas the objective function value can change with respect to the samples used.

The standard deviation of the candidate generating density for x is assumed to be
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0.1. The algorithm is run for 5000 iterations with 500 burn-in samples for a J value

of 100. Convergence can be said to be reached via the evidence from the trace and

autocorrelation plots (See Figures 13 and 14). The mode of the first stage decision

variable, x, is found to be 2.998 which provides a Monte Carlo error of 0.06% (See

Figure 16).
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Figure 14: Trace plots for the decision variable x for different values of J
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Figure 15: Auto-correlation plot for the decision variable x
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Figure 16: Density plots for the decision variables x, y and random variable ξ
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3.3.4 Implementation issues

The biggest challenge of this method is to sample from the pseudo-posterior distribu-

tions. Markov Chain Monte Carlo (MCMC) simulation methods are used to handle

this issue. Finding an effective MCMC method is not always straightforward as sam-

pling is not easy and the convergence may not be fast enough for some specific cases.

When the objective function is flat and the optimal decision is not significantly bet-

ter than the other alternatives, the mode of the distribution may not be distinctive.

Increasing the value of augmentation parameter, J , and using evolutionary Monte

Carlo methods can increase the convergence rate of MCMC methods by avoiding get-

ting trapped in a certain region. This may resolve this problem as the mode becomes

more apparent quickly and it also allows to use the mean of the drawn samples.

There are also potential limitations of this algorithm encountered during the im-

plementation of MCMC. Some modifications are needed to implement our algorithm

for certain settings of the two stage problem with recourse. The algorithm requires a

non-negative objective function for a maximization problem while implementing aug-

mented probability simulation. Jacquier et al. (2006) proposes a shifting mechanism

to overcome this issue. However, the shifting constant may dominate the MCMC al-

gorithm and this may lead to poor results. Taking the reciprocal of negative functions

is proposed. Secondly, sampling from constrained domains with a MCMC algorithm

is not studied extensively in the literature. For instance, it is known that the decision

variables are dependent because of the constraints. How to embed this dependence

structure into the covariance components of the candidate generating density for
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multivariate distributions is an open-ended question. The estimates from the initial

burn-in runs can be used during implementation. Another implementation note is

that sampling may prove to be easier for a non-negative objective function in a min-

imization problem while applying the algorithm of Pincus to solve a linear problem.

As a result, the dual problem can be used whenever needed. Duality theory and

complementary slackness can be useful to study the relationship between primal and

dual problems.

While applying our method to problems with multidimensional decision variables

which may have multi modes, multi-set sampler idea of Leman et al. (2009) can be

proposed within a Metropolis Hastings algorithm to draw samples from a posterior

distribution. This method is suggested to solve the issue of Markov Chains getting

stuck in a local mode of a multi-modal distribution. The idea is to maintain a state

vector ({x1, x2}, y) consisting of two values of x and define a new target distribution

π∗({x1, x2}, y) ∝ π(x1, y) + π(x2, y). This structure with two values of x allows us

to explore the target distribution more efficiently; while one x value being in a local

mode, the second x value can search the sample space for other possible modes. This

removes the need for careful tuning and may improve the convergence rate.

3.4 Application in production planning problems

In this section, we illustrate the application of the proposed approach to solve stochas-

tic problems within the capacity and production planning context. First, original

augmented probability simulation and the modified version with penalty parameters
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are applied on a two stage linear problem with recourse with stochastic second stage

constraints. Then, application of proposed algorithm to solve the problem with a

quadratic cost function is demonstrated. First, we provide the related background

and introduce the production planning problem.

Background:

Decision making under uncertainty in manufacturing systems is one of the most

extensively studied problems in the literature since production capacity and plan-

ning decisions have both strategic and operational importance (Sethi et al. (2002)).

These decisions generally concern the overall capacity level, type and location of the

facilities. In general, manufacturing and service firms are forced to make capacity

decisions under a certain level of uncertainty. Two types of uncertainty are widely

discussed in stochastic decision making models. These are uncertainties due to yield

of the machine and the uncertainty of the demand (Escudero et al. (1993)). Mula

et al. (2006) have provided a detailed review about production planning models under

uncertainty. According to their review, stochastic programming has been heavily used

among these models. One of the influential studies in this context is the discussion

of Eppen et al. (1989) about capacity planning under uncertainty. They propose a

two stage stochastic optimization approach with recourse utilizing a discrete number

of demand scenarios. Our model is similar, but we concentrate on a certain set of

stochastic problems involving capacity and production planning with continuous ran-

dom demand and without binary variables. There are also many attempts to deal

with uncertain demand in capacity expansion problems using results from inventory

theory. In our problem setting, we assume not to hold inventory. This is a reasonable
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assumption especially when dealing with perishable items (Leung and Ng (2007)).

Problem Statement:

We propose a formulation of two stage stochastic optimization problem with re-

course where the uncertainty is on the right hand side of the constraint. The first

stage decision is to decide on the capacity allocation of products that results in mini-

mized cost and maximized expected profit without knowing the demand. The demand

of each product is assumed to be random with a known probability distribution. In

the second stage, the company makes a corrective decision by satisfying the possible

unmet demand with overtime production or getting salvage value for extra unneeded

production. Inventory holding is not allowed in our set-up.

Notation

Decision Variables:

xk,l: The production amount for the lth product at kth facility; first stage decision

variable

yl: The overtime production of the l
th product; second stage decision variable

ml: The amount of units of the lth product to be salvaged; second stage decision

variable

Parameters:

K: Total number of facilities

L: Total number of products

Dl: Demand level of the l
th product with the known probability distribution p(Dl)

pl : Regular unit sale price for the l
th product

rl : Salvage value for the l
th product
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OTl: Overtime unit cost of the l
th product

ck: Regular unit cost of the k
th facility

uk: Utilization of the k
th facility

Ck: Maximum capacity of the kth facility

The values of the parameters are chosen so that rl ≤ pl ≤ OTl, ∀ l at all times.

The vector notations, such as x, y, m, D are preferred at times to keep the notation

parsimonious.

The formulation of the problem is:

min
x

L∑
l=1

K∑
k=1

ckxk,l − E[Q(x,D)]

subject to
L∑
l=1

xk,l 6 Ck ∀ k, xk,l > 0 ∀ k, l

where Q(x,D) = max
y,m

L∑
l=1

pl

K∑
k=1

(ukxk,l) +

L∑
l=1

(plyl) +

L∑
l=1

rlml −
L∑
l=1

(OTlyl)

subject to
K∑
k=1

(ukxk,l) + yl −ml > Dl ∀ l; yl > 0 ∀ l

The objective function has the regular cost function (
∑L

l=1

∑K
k=1 ckxk,l), overtime

cost function (
∑L

l=1OTlyl), salvage revenue (
∑L

l=1 pl
∑K

k=1 xk,l) and refund revenue

(
∑L

l=1 rlml). The first stage constraint ensures that the total production at any kth

facility, (
∑L

l=1 xk,l) does not exceed the maximum capacity level of that facility, Ck.

The second stage constraint ensures that demand is satisfied all the time. If the

utilized production level for the lth product, (
∑K

k=1 ukxk,l) is larger than the demand,

then the excess production is salvaged. If the initial production can not meet the

92



demand, the company satisfies the demand by overtime production.

3.4.1 Application to solve the two stage linear problem with recourse

In this subsection, the capacity problem with 2 products and 3 facilities is studied.

Parameters:

K = 3, L = 2;

p(D1) ∼ Normal(200, 10), p(D2) ∼ Normal(500, 20)

p1 = 5, p2 = 10;

r1 = 2, r2 = 5 ;

OT1 = 10, OT2 = 25;

c1 = 4, c2 = 1, c3 = 10;

u1 = 1, u2 = 1, u3 = 1;

C1 = 200, C2 = 500, C3 = 1000

The formulation of this problem can be written as:

min
x

2∑
l=1

3∑
k=1

ckxk,l − E[Q(x,D)]

subject to

2∑
l=1

xk,l 6 Ck ∀ k, xk,l > 0 ∀ k, l

where Q(x, D1, D2) = max
y,m

2∑
l=1

pl

3∑
k=1

(ukxk,l) +

2∑
l=1

(plyl) +

2∑
l=1

rlml −
2∑

l=1

(OTlyl)

subject to

3∑
k=1

ukxk,l + yl −ml > Dl ∀ l; yl > 0 ∀ l

We have shown the application of both versions of the augmented probability

simulation algorithm and we discuss the results.
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Application of the proposed method to solve the linear problem

Firstly, we apply the version of the augmented probability simulation algorithm

where the feasibility at each iteration is checked. The marginal mode of the J-copies

joint distribution, πJ (x,DJ ,yJ ,mJ) should converge to the optimal decision, x
∗.

πJ(x,DJ,yJ,mJ) ∝

J∏
j=1

(−
2∑

l=1

3∑
k=1

ckxk,l +

2∑
l=1

pl

3∑
k=1

(ukxk,l)+

2∑
l=1

(plylj) +

2∑
l=1

rlmlj −
2∑

l=1

(OTlylj))p(Dj)

1I(

2∑
l=1

xk,l 6 Ck ∀ k; xk,l > 0 ∀ k, l;

3∑
k=1

ukxk,l + ylj −mlj > Dlj ∀ l;

ylj > 0 ∀ l; for j=1,..,J )

We can use the full conditional distributions within a Gibbs setting which provide

values drawn from πJ(x,DJ ,yJ ,mJ) in convergence:

Because of the linking constraints, we sample from the full conditional distribu-

tions of first stage decision variables, xk,l for each kth facility. These full conditional

distributions of the first stage decision variables are written below as:
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πJ(x1,1; x1,2|x,DJ,yJ,mJ) ∝

J∏
j=1

(−
2∑

l=1

3∑
k=1

ckxk,l +

2∑
l=1

pl

3∑
k=1

(ukxk,l) +

2∑
l=1

(plylj)+

2∑
l=1

rlmlj −
2∑

l=1

(OTlylj))

1I(

2∑
l=1

x1,l 6 C1; x1,l > 0 ∀ l;

3∑
k=1

ukxk,l + ylj −mlj > Dlj ∀ l; for j=1,..,J ))

πJ(x2,1, x2,2|x,DJ,yJ,mJ) ∝

J∏
j=1

(−
2∑

l=1

3∑
k=1

ckxk,l +

2∑
l=1

pl

3∑
k=1

(ukxk,l) +

2∑
l=1

(plylj)+

2∑
l=1

rlmlj −
2∑

l=1

(OTlylj))

1I(
2∑

l=1

x2,l 6 C2; x2,l > 0 ∀ l;
3∑

k=1

ukxk,l + ylj −mlj > Dlj ∀ l; for j=1,..,J ))

πJ(x3,1, x3,2|x,DJ,yJ,mJ) ∝

J∏
j=1

(−
2∑

l=1

3∑
k=1

ckxk,l +

2∑
l=1

pl

3∑
k=1

(ukxk,l) +

2∑
l=1

(plylj)+

2∑
l=1

rlmlj −
2∑

l=1

(OTlylj))

1I(
2∑

l=1

x3,l 6 C3; x3,l > 0 ∀ l;
3∑

k=1

ukxk,l + ylj −mlj > Dlj ∀ l; for j=1,..,J ))

Metropolis Hastings algorithm is used to sample from these full conditional distribu-

tions. The candidate value, x∗, is assumed to follow a normal distribution with the

mean value of the previous iteration and a variance covariance matrix. As there is an
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inverse relationship between these values, the correlation is assumed to be negative.

The actual values in the variance covariance matrix are taken as [4.5,−1.5;−1.5, 4.5].

If the objective function values compared in Metropolis Hastings algorithm are neg-

ative, the reciprocal of the functions are used to compute the acceptance probability

so that the augmented probability mechanism is implemented correctly. Before ac-

ceptance, the first stage constraints are checked.

The full conditional distribution of Dl ∀ l is the same continuous distribution as

the probability distribution of Dl. However, constraints needs to be checked to ensure

objective function is considered while drawing samples.

πJ(D1j |x,yJ ,mJ) ∝ (−
2∑

l=1

3∑
k=1

ckxk,l +

2∑
l=1

pl

3∑
k=1

(ukxk,l) +

2∑
l=1

(plylj) +

2∑
l=1

rlmlj

−
2∑

l=1

(OTlylj))p(D1j)1I(

3∑
k=1

ukxk,1 + y1j −m1j > D1j)

πJ(D2j |x,yJ ,mJ) ∝ (−
2∑

l=1

3∑
k=1

ckxk,l +

2∑
l=1

pl

3∑
k=1

(ukxk,l) +

2∑
l=1

(plylj) +

2∑
l=1

rlmlj

−
2∑

l=1

(OTlylj))p(D2j)1I(

3∑
k=1

ukxk,1 + y2j −m2j > D2j)

The full conditional distributions of the second stage variables are constructed for

the variables for each product because of the linking constraints. These are stepwise

distributions and one of the variables (yj, mj) should be equal to zero from the way
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that the decision variables are defined.

if(
3∑

k=1

(ukxk,1) > D1j) then y1j = 0; π(m1j|yJ,mJ,DJ,x) = exp{−J(−r1m1j)}

1I(m1j > 0;
K∑
k=1

ukxk,l −mlj > Dlj)

if(

3∑
k=1

(ukxk,1) < D1j) then π(y1j|yJ,mJ,DJ,x) = exp{−J(OT1 − p1)y1j}

1I(y1j > 0;
K∑
k=1

ukxk,l + ylj > Dlj); m1j = 0

Similarly,

if(
3∑

k=1

(ukxk,2) > D2j) then y2j = 0; π(m2j|yJ,mJ,DJ,x) = exp{−J(−r2m2j)}

1I(m2j > 0;

K∑
k=1

ukxk,l −m2j > D2j)

if(
3∑

k=1

(ukxk,2) < D2j) then π(y2j|yJ,mJ,DJ,x) = exp{−J(OT2 − p2)y2j}

1I(y2j > 0;
K∑
k=1

ukxk,l + y2j > D2j); m2j = 0

Metropolis Hastings algorithm and draws from the exponential distribution are used
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to sample from these distributions. Second stage feasibility is already considered at

each iteration.

We can check the quality of our solution by using the proposed stopping criterion

in which we check the difference between the dual objective function and primal

objective function. This also can help us making the decision if we should use the

version with penalty parameters at the expense of guaranteed feasibility.

Application of the version with penalty parameters

In this section, we demonstrate the application of the proposed algorithm with

penalty parameters to solve the introduced capacity problem. We use penalty pa-

rameters to penalize the deviation from satisfying the constraint instead of checking

the feasibility of the constraints at each iteration. Although sampling would prove to

be easier with this method, we can not guarantee feasibility at all times.

Similar approaches to solve production planning problems have been shown to be

useful for certain settings in the literature (Mulvey and Ruszczynski (1992), Bai et al.

(1994)). Chen et al. (2002) developed an augmented Lagrangian based procedure for

determining technology choices and capacity plans with a stochastic programming

model

We introduce penalty parameters, λ1k, for the first stage constraint of the kth

facility (
∑L

l=1 xk,l 6 Ck) and λ2lj for the second stage constraint of the lth product

for jth draw, (
∑L

l=1 pl
∑K

k=1 xk,l +
∑L

l=1 rlmlj −
∑L

l=1OTlylj > Dlj)

Then, the formulation of the problem using penalty parameters is rewritten as:
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min
x

L∑
l=1

K∑
k=1

ckxk,l +

K∑
k=1

λ1k(Ck −
L∑
l=1

xk,l)− E[Q(x,λ1,D)]

subject to

xk,l > 0 ∀ k, l;λ1k 6 0 ∀ k,

where Q(x,D) = max
y,m

2∑
l=1

pl

3∑
k=1

(ukxk,l) +

2∑
l=1

(plyl) +

2∑
l=1

rlml−

2∑
l=1

(OTlyl) +
L∑
l=1

(λ2l(
K∑
k=1

ukxk,l + yl −ml −Dl))

subject to

yl, λ2l > 0 ∀ l

Choice of penalty parameters is arbitrary, and is dependent on the context of the

problem. For this problem, the penalty parameters are assumed to have a two-point

distribution with values, 0 and 1000, if the constraints are satisfied or not satisfied,

respectively.
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πJ(x,λ1,DJ ,yJ ,λ2J ,mJ) ∝

J∏
j=1

(−
2∑

l=1

3∑
k=1

ckxk,l −
K∑
k=1

λ1k(Ck −
L∑
l=1

xk,l)+

2∑
l=1

pl

3∑
k=1

(ukxk,l) +

2∑
l=1

(plylj) +

2∑
l=1

rlmlj −
2∑

l=1

(OTlylj)+

L∑
l=1

(λ2lj(
K∑
k=1

ukxk,l + ylj −mlj −Dlj)))p(Dlj)

1I(xk,l, λk > 0 ∀ k, l; xk,l, λk > 0 ∀ k, l for j=1,..,J )

We can use the full conditional distributions within a Gibbs setting which provide

values drawn from πJ(x,DJ ,yJ ,mJ) in convergence:

Because of the linking constraints, we sample from the full conditional distribu-

tions of first stage decision variables, xk,l for each kth facility. These full conditional

distributions of the first stage decision variables are written below as:

πJ(x1,1, x1,2|x,λ1,DJ ,yJ ,mJ ,λ2J) ∝
J∏

j=1

(−
2∑

l=1

3∑
k=1

ckxk,l − λ1,1(C1 −
2∑

l=1

x1,l)+

2∑
l=1

pl

3∑
k=1

(ukxk,l) +

2∑
l=1

(plylj) +

2∑
l=1

rlmlj −
2∑

l=1

(OTlylj)+

L∑
l=1

(λ2lj(

K∑
k=1

ukxk,l + ylj −mlj −Dlj)))1I(x1,l > 0 ∀ l; for j=1,..,J ))
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πJ(x2,1, x2,2|x,λ1,DJ ,yJ ,mJ ,λ2J) ∝

J∏
j=1

(−
2∑

l=1

3∑
k=1

ckxk,l − λ1,2(C2 −
2∑

l=1

x2,l)+

2∑
l=1

pl

3∑
k=1

(ukxk,l) +
2∑

l=1

(plylj) +
2∑

l=1

rlmlj −
2∑

l=1

(OTlylj)+

L∑
l=1

(λ2lj(

K∑
k=1

ukxk,l + ylj −mlj −Dlj)))1I(x2,l > 0 ∀ l; for j=1,..,J ))

πJ(x3,1, x3,2|x,λ1,DJ ,yJ ,mJ ,λ2J) ∝

J∏
j=1

(−
2∑

l=1

3∑
k=1

ckxk,l − λ1,3(C3 −
2∑

l=1

x2,l)+

2∑
l=1

pl

3∑
k=1

(ukxk,l)

+

2∑
l=1

(plylj) +

2∑
l=1

rlmlj −
2∑

l=1

(OTlylj)+

L∑
l=1

(λ2lj(
K∑
k=1

ukxk,l + ylj −mlj −Dlj)))1I(x3,l > 0 ∀ l; for j=1,..,J ))

Metropolis Hastings algorithm is used to sample from these full conditional distri-

butions. The candidate value, x∗, is assumed to follow a normal distribution with the

mean value of the previous iteration and a variance covariance matrix. As there is an

inverse relationship between these values, the correlation is assumed to be negative.

The actual values in the variance covariance matrix are taken as [5,−2;−2, 5]. If the

utility function values compared in Metropolis Hastings algorithm are negative, the

reciprocals of the same functions are utilized to compute the acceptance probability

so that the augmented probability mechanism is implemented correctly.
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The advantage of this method is not having to check each time whether constraints

are satisfied or not. So far, we had been checking the feasibility for the candidate

values for all J draws of the second stage variable and random variable. Finding such

candidate values which ensures feasibility for all J draws may be tough for same cases

especially when J value is high. And this results in increased computational time.

The full conditional distributions of Dl ∀ l are tilted continuous distributions.

Metropolis Hastings algorithm is utilized in order to sample from these distributions:

πJ (D1j|x,λ1,yJ ,mJ ,λ2J) ∝ (−
2∑

l=1

3∑
k=1

ckxk,l −
K∑
k=1

λ1k(Ck −
L∑
l=1

xk,l)+

2∑
l=1

pl

3∑
k=1

(ukxk,l) +

2∑
l=1

(plylj) +

2∑
l=1

rlmlj −
2∑

l=1

(OTlylj)+

L∑
l=1

(λ2lj(

K∑
k=1

ukxk,l + ylj −mlj −Dlj)))p(D1j)

πJ (D2j|x,λ1,yJ ,mJ ,λ2J) ∝ (−
2∑

l=1

3∑
k=1

ckxk,l −
K∑
k=1

λ1k(Ck −
L∑
l=1

xk,l)+

2∑
l=1

pl

3∑
k=1

(ukxk,l)+

2∑
l=1

(plylj) +

2∑
l=1

rlmlj −
2∑

l=1

(OTlylj)+

L∑
l=1

(λ2lj(
K∑
k=1

ukxk,l + ylj −mlj −Dlj))))p(D2j)

The full conditional distribution of the second stage variable are constructed for
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the variables for each product because of the linking constraints. These are stepwise

distributions and one of the variables (yj, mj) should be equal to zero from the way

that the decision variables are defined.

if(

3∑
k=1

(ukxk,1) > D1j) then y1j = 0;

π(m1j |yJ ,mJ ,DJ ,x) = exp{−J(−r1 + λ2,1,j)mlj}1I(m1j > 0)

if(
3∑

k=1

(ukxk,1) 6 D1j) then m1j = 0;

π(y1j|yJ ,mJ ,DJ ,x) = exp{−J(OT1 − p1 − λ2,1,j)ylj}1I(y1j > 0);

Similarly,

if(
3∑

k=1

(ukxk,2) > D2j) then y2j = 0;

π(m2j |yJ ,mJ ,DJ ,x) = exp{−J(−r2 + λ2,2,j)m2j}1I(m2j > 0)

if(

3∑
k=1

(ukxk,2) 6 D2j) then m2j = 0

π(y2j|yJ ,mJ ,DJ ,x) = exp{−J(OT2 − p2 − λ2,2,j)y2j}1I(y2j > 0);
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Metropolis Hastings algorithm and draws from the exponential distribution are

used to sample from these distributions. The penalty parameters are computed for

the candidate values to reflect the change properly while applying Metropolis Hastings

algorithm.

3.4.2 Discussion of the results

In this subsection, we discuss the implementation of both versions to solve the pre-

sented production planning problem. This is a problem with 6 first stage decision

variables, and 4 second stage decision variables and 2 continuous random variables in

the right hand side of the constraints for each scenario.

The parameters have been chosen in a way so that the effectiveness and the ac-

curacy of the algorithm can be measured more easily. Overtime unit costs for both

products are chosen relatively very high compared to the unit sale price, therefore it

is not expected that there would be overtime production unless there is a capacity

shortage. The salvage prices are chosen to be lower than the unit production costs,

therefore the expectation is that the optimal solution includes no salvaged products.

The expected solution would result in met demand within the existing capacity. It

can be seen that the results are in line with the expectations, the production for first

and second products are barely higher than the demand amounts (See Figure 18).

The unit production cost for the second facility is chosen to be lower compared to the

other facilities, therefore the optimal solution suggests that the second facility should

be used up to the maximum capacity level (See Figure 18). The third facility is the

last production option to meet the demand because of its higher unit production cost.
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The density plots and optimal solutions are provided in Figure 19. Although it can

be recognized that there is not a very clear mode for some decision variables, this is

due to the nature of the objective function of the problem. Different pairs of decision

variable values provide nearly equal objective function values.

Although the results of both versions of the algorithm are similar, it has been

recognized that the version with penalty parameters has converged more quickly than

the initial version where constraints are checked at every iteration. Stopping criterion

for the first version suggests that it did not converge in as many as 50000 iterations,

therefore we decided to use the version with penalty parameters.

The challenge of using the initial version (without penalty parameters) is that

it becomes more time consuming to reach a candidate solution which both satisfies

the constraints and improves the solution. As the first stage decision variables are

dependent onto each other via constraints, it is tough to select the proper values for

the standard deviations and covariances. A reasonable acceptance rate while applying

the Metropolis Hastings algorithm can be reached upon with the careful tuning of

the standard deviation. This results in increased computational time and can be

counted as one of the practical limitations of the algorithm, especially for problems

with higher dimensional decision variables.

The downside of using the algorithm with penalty parameters is that the feasibility

is not guaranteed at all times. However, when the algorithm with penalty parameters

is implemented to solve the production planning problem, it has been seen that the

deviation from satisfying the constraints becomes small enough to decrease the im-

pact of the penalty parameter to the objective function. The penalty value is chosen
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as 1000 in this implementation. The percentage of infeasibility can also be computed

as 7.2% for the first stage constraints, but the magnitude of the infeasibility is found

as 1.3% overall. This value can be adjusted by changing the value of the penalty pa-

rameter. Another downside of the algorithm with penalty parameters is that duality

based stopping criteria cannot be used since there are not any constraints. Therefore,

we can compare the objective function values for different chains. We have used 3

chains to assess convergence. The difference between objective function values of 3

chains are found to be 0.5%, 0.8% and 0.3% (See Figure 20). The trace plots and

Geweke convergence diagnostic also suggests that the convergence is reached after

10000 iterations when J value is equal to 49. This value of 49 has been found after

running the algorithm with different J values; J = 2, 10, 20, 49, 100 as it provides the

best balance between computational time and convergence.

Another observation is the decreasing convergence rate when the variability of

the random variable increases. This conforms with our expectations as it would take

more time to visit all possible states of the random variable and approximate the

expectation more accurately.
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Figure 17: Trace plots of the total production for each product
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Figure 18: Trace plots of the total production for each facility
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Figure 19: Density plots of the first stage decision variables
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Figure 20: Trace plots for the first stage objective function values for each chain
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3.4.3 Demonstration on a problem with a quadratic cost function

In this subsection, we provide a brief discussion of the problem setting with quadratic

cost functions. For a manufacturing production environment, a concave cost func-

tion may exhibit the actual cost structure. Concave cost functions represent the

economic phenomenon of decreasing marginal cost or increasing marginal returns.

Mathematically, a strictly concave cost can be represented by a a quadratic function

f(x) = a+ bx+ cx2 where the coefficient c is negative. We can replace the linear cost

function with a concave quadratic cost function and solve the resulting problem in a

straightforward manner without extra computational effort.

Non-linear stochastic problems either can be solved directly or using piecewise

linear approximations. The problem becomes an optimal control problem if time

is treated as continuous and stochastic optimal control theory has extensive ap-

plications in solving aggregate production scheduling problems (Cakanyildirim and

Roundy (2000)). In particular, it is found that it can accommodate a wide variety of

non-linear cost structures (Love and Turner (1993))

When we replace the linear cost function (ckxk,l) of the discussed problem with a

quadratic one (ak,l+ bk,lx+ cx2
k,l) for each product and facility, the problem becomes:
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min
x

L∑
l=1

K∑
k=1

(ak,l + bk,lx+ ck,lx
2
k,l) +

K∑
k=1

λ1k(Ck −
L∑
l=1

xk,l)−

E[Q(x,D)]

subject to xk,l > 0 ∀ k, l;λk > 0 ∀ k

where Q(x,D) = max
y,m

L∑
l=1

pl

K∑
k=1

(ukxk,l) +

L∑
l=1

(plyl) +

L∑
l=1

rlml −
L∑
l=1

(OTlyl)+

L∑
l=1

(λ2l(
K∑
k=1

ukxk,l + yl −ml −Dl))

subject to yl, λ2l > 0 ∀ l

For this problem, the penalty parameters are chosen to have a two point distribution

with values 0 and 1000.

Demonstration of the algorithm

πJ(x,λ1,DJ ,yJ ,λ2J ,mJ) ∝

J∏
j=1

(−
2∑

l=1

3∑
k=1

(ak,l + bk,lx+ ck,lx
2
k,l)−

K∑
k=1

λ1k(Ck −
L∑
l=1

xk,l) +
2∑

l=1

pl

3∑
k=1

(ukxk,l) +
2∑

l=1

(plylj) +
2∑

l=1

rlmlj−

2∑
l=1

(OTlylj) +

L∑
l=1

(λ2lj(

K∑
k=1

ukxk,l + ylj −mlj −Dlj)))p(Dj)

1I(xk,l, λk > 0 ∀ k, l; xk,l, λk > 0 ∀ k, l for j=1,..,J )

We can use the full conditional distributions within a Gibbs setting which provide

values drawn from πJ(x,DJ ,yJ ,mJ) in convergence:
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Because of the linking constraints, we can sample from the full conditional distri-

butions of first stage decision variables, xk,l for each kth facility. These full conditional

distributions of the first stage decision variables are written below as:

πJ(x1,1, x1,2|x,λ1,DJ ,yJ ,mJ ,λ2J) ∝

J∏
j=1

(−
2∑

l=1

3∑
k=1

(ak,l + bk,lx+ ck,lx
2
k,l)−

λ1,1(C1 −
2∑

l=1

x1,l) +

2∑
l=1

pl

3∑
k=1

(ukxk,l)+

2∑
l=1

(plylj) +

2∑
l=1

rlmlj −
2∑

l=1

(OTlylj)+

L∑
l=1

(λ2lj(
K∑
k=1

ukxk,l + ylj −mlj −Dlj)))

1I(λ1,1 > 0; x1,l > 0 ∀ l; for j=1,..,J ))
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πJ(x2,1, x2,2|x,λ1,DJ ,yJ ,mJ ,λ2J) ∝

J∏
j=1

(−
2∑

l=1

3∑
k=1

(ak,l + bk,lx+ ck,lx
2
k,l)−

λ1,2(C2 −
2∑

l=1

x2,l)+

2∑
l=1

pl

3∑
k=1

(ukxk,l)+

2∑
l=1

(plylj) +
2∑

l=1

rlmlj −
2∑

l=1

(OTlylj)+

L∑
l=1

(λ2lj(

K∑
k=1

ukxk,l + ylj −mlj −Dlj)))

1I(λ1,2 > 0; x2,l > 0 ∀ l; for j=1,..,J ))

πJ(x3,1, x3,2|x,λ1,DJ ,yJ ,mJ ,λ2J) ∝

J∏
j=1

(−
2∑

l=1

3∑
k=1

(ak,l + bk,lx+ ck,lx
2
k,l)−

λ1,3(C3 −
2∑

l=1

x2,l)+

2∑
l=1

pl

3∑
k=1

(ukxk,l)+

2∑
l=1

(plylj) +
2∑

l=1

rlmlj −
2∑

l=1

(OTlylj)+

L∑
l=1

(λ2lj(

K∑
k=1

ukxk,l + ylj −mlj −Dlj)))

1I(λ1,3 > 0; x3,l > 0 ∀ l; for j=1,..,J ))
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Metropolis Hastings algorithm can be used to sample from these full conditional

distributions. The candidate value, x∗, can be assumed to follow a normal distribution

with the mean value of the previous iteration and a variance covariance matrix.

The full conditional distributions of Dl ∀ l are tilted continuous distributions.

Metropolis Hastings algorithm can be utilized in order to sample from these distri-

butions:

πJ(D1j |x,λ1,yJ ,mJ ,λ2J) ∝ (−
2∑

l=1

3∑
k=1

(ak,l + bk,lx+ ck,lx
2
k,l)−

K∑
k=1

λ1k(Ck −
L∑
l=1

xk,l) +
2∑

l=1

pl

3∑
k=1

(ukxk,l) +
2∑

l=1

(plylj) +
2∑

l=1

rlmlj−

2∑
l=1

(OTlylj) +

L∑
l=1

(λ2lj(

K∑
k=1

ukxk,l + ylj −mlj −Dlj))))p(D1j)

πJ (D2j|x,λ1,yJ ,mJ ,λ2J) ∝ (−
2∑

l=1

3∑
k=1

(ak,l + bk,lx+ ck,lx
2
k,l)−

K∑
k=1

λ1k(Ck −
L∑
l=1

xk,l) +
2∑

l=1

pl

3∑
k=1

(ukxk,l) +
2∑

l=1

(plylj) +
2∑

l=1

rlmlj

−
2∑

l=1

(OTlylj) +

L∑
l=1

(λ2lj(

K∑
k=1

ukxk,l + ylj −mlj −Dlj))))p(D2j)

The full conditional distribution of the second stage variables are constructed for

the variables for each product because of the linking constraints. These are stepwise

distributions and one of the variables (yj, mj) should be equal to zero because of the

nature of the decision variables.
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if(

3∑
k=1

ukxk,1 > D1j) then y1j = 0;

π(m1j |yJ ,mJ ,DJ ,x) = exp{−J(−r1 + λ2,1,j)mlj}1I(m1j > 0)

if(

3∑
k=1

ukxk,1 6 D1j) then m1j = 0;

π(y1j |yJ ,mJ ,DJ ,x) = exp{−J(OT1 − p1 − λ2,1,j)ylj}1I(y1j > 0);

Similarly,

if(
3∑

k=1

ukxk,2 > D2j) then y2j = 0;

π(m2j |yJ ,mJ ,DJ ,x) = exp{−J(−r2 + λ2,2,j)m2j}1I(m2j > 0)

if(
3∑

k=1

ukxk,2 6 D2j) then m2j = 0

π(y2j|yJ ,mJ ,DJ ,x) = exp{−J(OT2 − p2 − λ2,2,j)y2j}1I(y2j > 0);

Metropolis Hastings algorithm or draws from the exponential distribution can be
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used to sample from these distributions. The penalty parameters should be calculated

for all candidate values while applying Metropolis Hastings algorithm.

3.5 Conclusion

We propose a simulation based approach to solve two stage problems with recourse.

Two stage stochastic programming with recourse presents a number of computational

challenges. First, the recourse function Q(x, ξ) needs to be solved for and this involves

an expectation over the source of uncertainty. Our simulation based approach jointly

computes the recourse function and the optimal first stage decision. It is based on

a utility-tilted sampling algorithm that allows to sample more frequently from the

points of the decision space where the objective function has desirable values. The

draws from the marginal density of the first stage decision variable collapses on the

optimal decision x∗ in convergence. This might result in efficiency gains compared

to the current sampling methods for two reasons. The first reason is that simulation

and optimization are processed simultaneously. We do not necessarily select possibly

uninteresting values from the optimization perspective. Secondly, regular methods

can be intractable for problems where the expected utility functions and their gradi-

ents do not have analytical solutions and gradient-step based optimization methods

can quickly become ineffective by getting locked into a local region. Our approach

does not require the use of any derivatives. Overall, it can be suggested that the pro-

posed approach provides an alternative method especially while solving multi stage

problems with small number of decision variables and continuous uncertainty.
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After introducing different versions of the algorithm, we have demonstrated it us-

ing different toy examples and discussed potential implementation issues. A particular

production planning problems is solved with different versions of the algorithm and

the results are discussed in detail. The algorithm to solve the production planning

problem with a quadratic cost function is also demonstrated.

There are certain limitations while implementing our approach. Finding an ef-

fective MCMC method may not be always straightforward as sampling may not be

easy and the convergence may not be fast enough for some specific cases. When the

objective function is flat and the optimal decision is not significantly better than the

other alternatives, the mode of the distribution may not be distinctive. Increasing the

value of parameter, J , may resolve this problem as the mode becomes more apparent

and this allows to use the mean of the drawn samples.

Potential limitations of this algorithm encountered during the implementation of

MCMC are also discussed in detail. In addition to that, slightly different algorithms

using augmented probability simulation may potentially be considered. For instance,

the augmented probability model can be constructed on the state space (x, ξ) and

then the second stage linear problem can be solved by any optimization technique.

This may prove to be a viable alternative especially when the solution of the second

stage LP by optimization is relatively easy. Another method can be to solve the

second stage LP to optimality by the algorithm of Pincus via running it for enough

number of times in each iteration.

The choice of using the algorithm with penalty parameters may provide advantages

in terms of computational time. Using the formula with penalty parameters can
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also be beneficial while solving problems problems with random parameters in both

objective function and constraints, which is left out as a possible extension.
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4 Essay 3: Simulation-Based Two-Stage Stochas-

tic Programming with Recourse and Decision

Dependent Uncertainty

4.1 Summary

In this essay, we consider two stage stochastic problems with recourse and decision

dependent (endogenous) uncertainty and develop implementation of the augmented

probability simulation approach. This setup simply involves changing p(ξ) to p(ξ|x)

in the two-stage problems with recourse. We adapt our methodology accordingly and

develop the associated MCMC algorithms for drawing samples from the augmented

probability model. We illustrate our approach by solving a particular production

planning problem with continuous endogenous uncertainty and continuous first stage

decision variables. To the best of our knowledge, there are not any available algo-

rithms to solve these type of problems. As an extension, a brief discussion of the

stochastic dynamic programming problem is also presented.

4.2 Introduction

The standard formulation of two-stage models with recourse assume exogenous uncer-

tainty where optimization decisions cannot influence the stochastic processes, there-

fore the scenario trees for the random variables are fixed and independent of the

decisions. There are few models with endogenous random parameters which consider

the dependence of the random values or the timing of the realization of these values
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on the previous decisions. In these models, the structure of the scenario trees are

not finalized before the decisions are made. Thus, the objective is to find optimal

decisions over all possible scenario trees.

Dyer and Stougie (2006) show that the computational complexity of multi-stage

stochastic programs with decision dependent uncertainty is higher than the regular

multi-stage stochastic problems. That may explain the scarcity of research regarding

the algorithms to solve these type of problems. Overall, it is suggested that there are

two main ways that the decisions can influence the stochastic processes (Goel and

Grossmann (2006)). Firstly, the decision maker may alter the probability distribution

by making one possibility more likely than other. Secondly, the decision maker may

not directly affect the probability distribution, but could act to get more accurate

information by resolving the uncertainty (partially). As a result, he/she can become

more sure which possibility may occur in the future.

Ahmed (2000) provides some examples of first type of endogenous uncertainty in

which the probability distribution is dependent on the first stage decision directly.

Viswanath et al. (2004) also considers a two stage network problem, where the survival

probabilities are altered by first stage investment decisions.

The second type of endogenous uncertainty has attracted more attention in the

literature. In these models, there is a fixed set of probability distributions for different

first stage decisions and the choice of the probability distributions can be modelled by

binary variables. They are firstly presented by Jonsbraten et al. (1998). They propose

a branch and bound algorithm to solve the so called “Sizes problem” by determining

an optimal vector of decisions, each of which has a corresponding scenario tree. Goel
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and Grossmann (2004) model the operational planning of offshore gas development

in which the size and the quality of the reserves of oil fields are random. In that

problem, the timing of uncertainties to be resolved is dependent on the decision of

installing a facility at a field or not. Tarhan and Grossmann (2006) consider gradual

uncertainty revelation over time in the synthesis of process networks. The stages

of the realization of the uncertain parameters are determined by the decision vari-

ables, but full realization takes place in multiple stages. They describe a disjunctive

programming formulation and propose a duality based branch and bound procedure,

however this does not contain a direct decomposition structure. Their method is

applicable to problems with both exogenous and endogenous uncertainty. Held and

Woodruff (2005) also present heuristic solution procedures for the multi-stage net-

work interdiction problem. All these papers assume that the scenario tree shrinks

by each resolved uncertain parameter and decision. In another context, Yang (2010)

proposes an aggregate planning model which considers the effect of previous decisions

such as services of quality on the random demand. Another example is from reliabil-

ity literature on replacement models in which the replacement decisions are found to

influence the future stochastic nature of the system such as the failure rate. Galenko

et al. (2006) suggests a multi-stage model in which the random failure patterns are

dependent on the first stage decision of the type of the chosen maintenance. However,

all these results discussed so far are only applicable to small size problems as they

are valid only when all possible distinct scenarios can be included in the solution for

a small number of first stage decisions.

Solak et al. (2010) develops a multi-stage stochastic integer recourse scheme for
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project portfolio management problems. Their formulation is directly amenable to

scenario decomposition unlike the previous efforts to model endogenous uncertainty.

It includes continuous investment decisions in addition to the binary starting and

completion decisions for projects and a scenario tree of returns dependent on invest-

ment levels. They use “Sample Average Approximation” (SAA) method, in which a

sample set is created by Monte Carlo methods and the resulting approximate problem

is solved by gradient techniques.

Another line of research proposes to model these problems using conditional prob-

abilities within a Bayesian update setting. Jonsbraten (1998) suggests an implicit

enumeration algorithm using a Bayesian approach to solve a variant of oil field prob-

lems where investment decisions lead to resolution of uncertainty. Morton and Popova

(2004) utilize Bayesian distributional forecasts which are being updated with respect

to the previous decisions in a rolling horizon to solve an employee scheduling problem.

In this essay, we also propose a form of Bayesian updating setting. However, our ap-

proach transforms the whole optimization problem into a grand simulation unlike the

previous efforts which serve as complementary to the main optimization algorithm.

An augmented probability model is constructed on the state space of both decision

and random variables. Then we sample from this joint distribution using full con-

ditional distributions within a Gibbs based Markov Chain Monte Carlo simulation

method. One of the biggest advantages of our method is that there is no need for

gradient information. We are able to consider continuous random variables or large

discrete scenario sets as well as both binary and continuous decision variables. Effi-

ciency gains are expected with our method since random variables are sampled from
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the areas with high objective function values whereas a regular Monte Carlo simu-

lation samples random variables from the possibly uninteresting parts of the state

space from the optimization perspective.

4.3 Methodology

We consider the same formulation in the second essay:

max
x

cx−E[Q(x, ξ)]

subject to Ax 6 b, x ≥ 0

where Q(x, ξ) = min
y

q(ξ)y

subject to Tx+Wy > h, y > 0

Our methodology is very similar to the one proposed to solve two stage problems

with recourse in the previous essay. The objective function coefficient in the second

stage, q is assumed to be random and a function of ξ. The only difference is that

the distribution of the random variable, p(ξ|x) depends on the first stage decision,

therefore the distribution is updated for different first stage decisions.

We define the joint distribution of the random and decision variables as πJ(x, ξJ , yJ)

as

πJ(x, ξJ , yJ) = C−1

J∏
j=1

(cx− q(ξj)yj)p(ξj|x)1I(x, yj)

where C is an appropriate normalizing constant which is equal to (E[cx − q(ξ)y])J
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and the indicator denotes the set

1I(x, yj) = {x > 0, yj > 0|Ax 6 b, Tx+Wyj > h}

Evolutionary MCMC techniques are proposed within a Gibbs conditional sampling

framework to sample from this non-standard joint distribution of the decision and

random variables. Using the fact that the second stage problem becomes a linear

problem for a given x and ξ, the second stage decision variable, y, is also treated as a

random variable and its full conditional distribution is constructed using the theory of

Pincus. The use of conditional distributions makes this algorithm a potential viable

candidate for stochastic problems with endogenous uncertainty. The resulting full

conditional distributions are:

π(x|ξJ , yJ) ∝
J∏

j=1

(cx− q(ξj)yj)1I(Ax 6 b, x ≥ 0)

π(ξj|x, yj) ∝ (cx− q(ξj)yj)p(ξj|x)

π(yj|x, ξj) =
exp{−Jq(ξj)yj}1I(Tx+Wyj > h, yj > 0)∫

Tx+Wyj>h,yj>0
exp{−Jq(ξj)yj}

As a result of this algorithm, the draws from the marginal density,

πJ (x) ∝ exp{Jln(E[cx− q(ξj)yj])}
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collapses on the optimal decision x∗ as J becomes large and the marginal mode of

πJ(x) approximates the optimal decision, x
∗. The draws of ξj are tilted away from the

predictive density p(ξj|x) toward (cx − q(ξj)yj)p(ξj|x). The algorithm concentrates

on the “smart” values of ξj where the importance function is the objective (utility)

function that tightens around the optimal decision, x∗, with the convergence. Overall,

sampling in a utility-tilted way helps to draw the random parameter ξj, j = 1, 2, .., J

more frequently from where it has higher utility and this reduces the Monte Carlo

error since no sampling effort is spent in parts of the parameter space with low ob-

jective function values.

Step by Step Algorithm

A step by step walk-through of the general algorithm is provided below. ξnj stands for

the jth draw in nth iteration of ξ whereas ynj stands for the j
th draw in nth iteration of

y and xn stands for the value of x in nth iteration. ξJ
n is used to denote all J random

variables of ξ in nth iteration, {ξ1, ξ2, ..., ξJ}.

Before running the algorithm, the augmentation parameter, J should be set; J =

2, 10, 20, 100 (See Jacquier et al. (2006) for a discussion about how to choose an

appropriate J value). The standard deviation of the candidate generating density

used in random walk Metropolis Hastings algorithm should also be set in a way to

have a reasonable acceptance rate.

The steps of the algorithm are:

1. Set the iteration number as zero; n=0.
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2. Set initial values (x0, ξ0j for j=1,..,J) in iteration n=0, where x0 ∈ K1, where

K1 = {x0|Ax0 6 b, x0 ≥ 0} is the set of feasible first stage decisions.

3. Draw y0j from its full conditional distribution:

π(y0j |x0, ξ0j ) =
exp{−Jq(ξ0j )yj}1I(Tx0 +Wyj > h, yj > 0)∫

Tx0+Wyj>h,yj>0
exp{−Jq(ξ0j )yj}

4. Set the iteration number n=n+1.

5. Draw xn from the full conditional distribution;

π(xn|ξJn−1, yJ
n−1) ∝

J∏
j=1

(cx− q(ξn−1
j )yn−1

j )1I(Ax 6 b, x ≥ 0)

6. Sample ξnj for all j=1,...,J draws

π(ξnj |xn, yn−1
j ) ∝ (cxn − q(ξj)y

n−1
j )p(ξj|x)

7. Draw ynj from its full conditional distribution:

π(ynj |xn, ξnj ) =
exp{−Jq(ξnj )yj}1I(Txn +Wyj > h, yj > 0)∫

Txn+Wyj>h,yj>0
exp{−Jq(ξnj )yj)}

8. Repeat steps 4-7 until convergence is guaranteed.

9. The sample points other than x are discarded, and mode of x is computed

10. If the mode value of x is feasible for all scenarios in the second stage, stop and
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decide that this value is the optimal decision

11. If the mode value of x is not feasible for all scenarios in the second stage, check

the feasibility for the next most likely value and stop when a decision that is

feasible for all scenarios is found and decide that it is the candidate optimal

decision

12. Apply the stopping criteria which is introduced in the second essay and if the

difference between the dual and primal objective functions is smaller than the

tolerance level, the candidate solution can be used as the optimal decision.

This algorithm is run for a certain number iterations until convergence is reached.

Convergence diagnostics are discussed extensively in the first essay and stopping

criteria is discussed in the second essay. To maintain brevity, these are not discussed

again and reader can refer to the previous sections in this dissertation. Necessary

modifications and implementation issues are also discussed in previous essays.

4.4 Application in production planning problems

The proposed approach theoretically can consider cases under both continuous and

discrete uncertainty. To the best of our knowledge, studies about two stage problems

with decision dependent uncertainty have not considered the case where the first stage

decision is continuous. Therefore, we have attempted to solve a two stage recourse

problem with endogenous continuous uncertainty and continuous first stage decisions.

The problem we discuss is a modified version of the production planning problem of

the second essay. The first stage decision is to decide on the capacity allocation of

128



products which minimizes the cost and maximizes the expected profit. The first stage

decision variable, the production amounts for each facility and product is continuous.

The main difference is that we have considered one set of the parameters, uk, the

utilization rate for kth facility as random and its probability distribution is assumed

to be dependent on the first stage decision. In the second stage, the company makes a

corrective decision by satisfying the possible unmet demand with overtime production

or getting a salvage value for extra unneeded production.

We have assumed a beta probability model for the utilization rate for each facility

with parameters proportional to usage of capacity in each facility. The motivation

behind this is the increasing wear on the machine when the machine has been used

more. In other words the assumption is that the failure rate is increasing with the

usage of the machine. Beta distribution is found to be proper as we are modeling the

utilization rate, (1- failure rate), which has to be between 0 and 1. We have assumed

that the utilization rate of a machine does not change from one product to another.

The distribution of uk,

p(uk) ∼ Beta(αk, βk)

, is assumed to follow beta distribution with parameters that provide E[uk] = (1 −

UC
∑L

l=1 xk,l/Ck) where UC is a constant utilization coefficient that measures the

effect of the capacity usage on the utilization rate and is determined by the user.

Parameters of the beta distribution would be (αk =
(1−UC

∑L
l=1 xk,l/Ck)βk

UC
∑L

l=1 xk,l/Ck
, βk). We have

assumed βk value to be equal to 10 and UC value to be 0.01 for demonstration, and

αk is computed accordingly.
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In this setting, demand is assumed to be deterministic so we can focus on the

randomness of the utilization rate. However, our approach theoretically can handle

randomness in demand as well. The rest of the notation is consistent with the previous

notation in the second essay.

Notation

Decision Variables:

xk,l: The production amount for the lth product at kth facility; first stage decision

variable

yl: The amount of units of the lth product to be produced overtime; second stage

decision variable

ml: The amount of units of the lth product to be salvaged; second stage decision

variable

Parameters:

K: Total number of facilities

L: Total number of products

Dl: The demand level of the l
th product

pl : Regular unit sale price for the l
th product

rl : Refund unit price for the l
th product

OTl: Overtime unit cost of the l
th product

ck: Regular unit cost of the k
th facility

uk: Utilization of the k
th facility with the probability distribution p(uk)

Ck: Maximum capacity of the kth facility

UCk: Utilization constant of the k
th facility
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The formulation of this problem can be written as:

min
x

L∑
l=1

K∑
k=1

ckxk,l −E[Q(x,u)]

subject to

L∑
l=1

L∑
l=1

xk,l ≤ Ck∀k, xk,l > 0 ∀ k, l

where Q(x,u) = max
y,m

L∑
l=1

pl

K∑
k=1

(ukxk,l) +

L∑
l=1

(plyl) +

L∑
l=1

rlml −
L∑
l=1

OTlyl

subject to
K∑
k=1

ukxk,l + yl −ml > Dl ∀ l; yl > 0 ∀ l;

We decided to use the formulation with penalty parameters so that we can in-

corporate the effect of the constraint including the random utilization rate into the

objective function. The formulation of the problem using penalty parameters, λ1k,λ2l

forallkandl is rewritten as:

min
x

L∑
l=1

K∑
k=1

ckxk,l +
K∑
k=1

λ1k(Ck −
L∑
l=1

xk,l)− E[Q(x, λ1,u)]

subject to xk,l > u ∀ k, l;λk > 0 ∀ k,

where Q(x,u) = max
y,m

L∑
l=1

pl

K∑
k=1

(ukxk,l) +

L∑
l=1

(plyl) +

L∑
l=1

rlml+

−
L∑
l=1

OTlyl +

L∑
l=1

(λ2l(

K∑
k=1

ukxk,l + yl −ml −Dl))

subject to yl, λ2l > 0 ∀ l

The marginal mode of the joint distribution, πJ(x,uJ ,yJ ,mJ) converges to the
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optimal decision, x∗.

πJ(x,λ1,uJ ,yJ ,λ2J ,mJ) ∝

J∏
j=1

(−
L∑
l=1

K∑
k=1

ckxk,l −
K∑
k=1

λ1k(Ck −
L∑
l=1

xk,l)+

2∑
l=1

K∑
k=1

(ukxk,l) +

L∑
l=1

(plylj) +

L∑
l=1

rlmlj −
2∑

l=1

OTlylj+

L∑
l=1

(λ2l(
K∑
k=1

ukxk,l + yl −ml −Dl)))p(Dj)

1I(xk,l, λk > 0 ∀ k, l; ylj, λ2lj > 0 ∀ l for j=1,..,J )

We use the full conditional distributions within a Gibbs setting which provide val-

ues drawn from πJ(x,uJ ,yJ ,mJ) in convergence. We write down the full conditional

distributions for the particular case with 3 facilities and 2 products.

Because of the linking constraints, we sample from the full conditional distribu-

tions of first stage decision variables, xk,l for each kth facility. These full conditional

distributions of the first stage decision variables are written below as:

πJ(x1,1, x1,2|x,λ1,uJ ,yJ ,mJ ,λ2J) ∝
J∏

j=1

−
2∑

l=1

3∑
k=1

ckxk,l − λ1,1(C1 −
2∑

l=1

x1,l)+

2∑
l=1

3∑
k=1

(ukxk,l) +
2∑

l=1

(plylj) +
2∑

l=1

rlmlj −
2∑

l=1

OTlylj+

2∑
l=1

(λ2l(
3∑

k=1

ukxk,l + ylj −mlj −Dlj)))

1I(λ1,1 > 0; x1,l > 0 ∀ l; for j=1,..,J ))
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πJ(x2,1, x2,2|x,λ1,uJ ,yJ ,mJ ,λ2J) ∝

J∏
j=1

(−
2∑

l=1

3∑
k=1

ckxk,l − λ1,2(C2 −
2∑

l=1

x2,l)+

2∑
l=1

3∑
k=1

(ukxk,l) +
2∑

l=1

(plylj) +
2∑

l=1

rlmlj −
2∑

l=1

OTlylj+

2∑
l=1

(λ2l(
3∑

k=1

ukxk,l + yl −ml −Dl)))

1I(λ1,2 > 0; x2,l > 0 ∀ l; for j=1,..,J ))

πJ(x3,1, x3,2|x,λ1,uJ ,yJ ,mJ ,λ2J) ∝

J∏
j=1

(−
2∑

l=1

3∑
k=1

ckxk,l − λ1,3(C3 −
2∑

l=1

x2,l)+

2∑
l=1

3∑
k=1

(ukxk,l) +
2∑

l=1

(plylj) +
2∑

l=1

rlmlj −
2∑

l=1

OTlylj+

2∑
l=1

(λ2l(
3∑

k=1

ukxk,l + yl −ml −Dl)))

1I(λ1,3 > 0; x3,l > 0 ∀ l; for j=1,..,J ))

Metropolis Hastings algorithm is used to sample from these full conditional distri-

butions. The candidate value, x∗, is assumed to follow a normal distribution with the

mean value of the previous iteration and a variance covariance matrix. As there is an

inverse relationship between these values, the correlation is assumed to be negative.

If the utility function values compared in Metropolis Hastings algorithm are negative,
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the reciprocal of the utility function is used to calculate the acceptance probability

so that the augmented probability mechanism is implemented correctly.

The full conditional distribution of uk ∀ k is a tilted continuous distribution.

Metropolis Hastings algorithm is utilized in order to sample from this distribution:

πJ(ukj|x,λ1,yJ ,λ2J ,mJ) ∝ (−
2∑

l=1

3∑
k=1

ckxk,l −
3∑

k=1

λ1k(Ck −
2∑

l=1

xk,l)+

2∑
l=1

3∑
k=1

(ukjxk,l) +

2∑
l=1

(plylj) +

2∑
l=1

rlmlj −
2∑

l=1

OTlylj+

2∑
l=1

(λ2lj(

3∑
k=1

ukjxk,l + ylj −mlj −Dlj)))p(ukj)

where

p(ukj) ∼ Beta(αk =
(1− UC

∑2
l=1 xk,l/Ck)βk

UC
∑2

l=1 xk,l/Ck

, βk)

This distribution can be written as a mixture of beta distributions Beta(αk, βk)

and Beta(αk + 1, βk).

The full conditional distribution of the second stage variable are constructed for

the variables for each product because of the linking constraints. These are stepwise

distributions and one of the variables (yj, mj) should be equal to zero from the way

that the decision variables are defined.
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if(

3∑
k=1

ukxk,1 > D1j) then y1j = 0;

π(m1j |yJ ,mJ ,DJ ,x) = exp{−J(−r1 + λ2,1,j)mlj}1I(m1j > 0)

if(

3∑
k=1

ukxk,1 6 D1j) then m1j = 0;

π(y1j|yJ ,mJ ,DJ ,x) = exp{−J(OT1 − p1 − λ2,1,j)ylj}1I(y1j > 0);

Similarly,

if(
3∑

k=1

ukxk,2 > D2j) then y2j = 0;

π(m2j |yJ ,mJ ,DJ ,x) = exp{−J(−r2 + λ2,2,j)m2j}1I(m2j > 0)

if(
3∑

k=1

ukxk,2 6 D2j) then m2j = 0

π(y2j|yJ ,mJ ,DJ ,x) = exp{−J(OT2 − p2 − λ2,2,j)y2j}1I(y2j > 0);

Metropolis Hastings algorithm and draws from the exponential distribution are
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used to sample from these distributions. The penalty parameters are calculated for

all candidate values while applying Metropolis Hastings algorithm.

4.4.1 Results

In this subsection, we discuss the implementation of the algorithm to solve the produc-

tion planning problem with decision dependent uncertainty. This is a problem with 6

first stage decision variables, and 4 second stage decision variables and 2 continuous

random variables for each scenario. This is one of the first attempts in literature to

solve a problem with continuous endogenous uncertainty with continuous first stage

decision variables.

The selection of the parameters are similar to the example in the second essay

so that the effectiveness and the accuracy of the algorithm can be measured more

easily. We have used two sets of utilization constants and two sets of probability

distribution parameters. It is found that using a probability distribution with a lower

variance provides more concentrated results as expected. Therefore we have provided

the figures with beta distribution parameters β1 = 10, β2 = 10 and β3 = 10, for each

facility respectively. Initially, we have assumed that the utilization constants are

chosen to be equal to 0.01 for all facilities so that the utilization rate for all facilities

may be observed to be close to 1 depending on the usage of available capacity (See

Figures 20-21 for trace and density plots of the utilization rate). Actually, this is

somewhat a similar setting to the problem in the second essay where all utilization

rates are equal to 1. Therefore, the results are expected to be similar but more variable

due to decision dependent uncertainty (See Figure 21). The expected solution would
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result in met demand within the existing capacity. It can be seen that the results are

in line with the expectations, the production for first and second products are barely

higher than the demand amounts (See Figure 24). The unit production cost for the

second facility is chosen to be lower compared to the other facilities, therefore the

optimal solution suggests that it should be used up to the maximum capacity level

(See Figure 25). The third facility is the last production option to meet the demand

because of its high unit production cost.

The degree of infeasibility can also be computed as 7.2% for the first stage con-

straints, but the magnitude of the infeasibility is found as 0.3% overall. This value

can be adjusted by changing the value of the penalty parameter. Another downside

of the algorithm with penalty parameters is that duality based stopping criteria can-

not be used since there are not any constraints. Therefore, we compare the objective

function values for different chains. We have used 3 chains to assess convergence. The

difference between objective function values of 3 chains are found to be 1.2%, 3.9%

and 5.0% (See Figure 26). These differences are relatively higher compared to the dif-

ferences in the second essay. The trace plots and Geweke convergence diagnostic also

suggest that the convergence is reached barely after 20000 iterations when J value is

equal to 49. One would think that a higher J value would improve the convergence.

However, the value of 49 provides the best balance between computational time and

convergence.

In the second set of runs, we have assumed that the utilization constants are

different between facilities. Utilization constants are chosen respectively for each

facility as 0.2, 0.5 and 0.01. The utilization constant for the second facility is chosen to
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be higher which would result in lower value of utilization value. The trace and density

plots of the utilization rates can be found in Figure 27-28. The results are even more

variable compared to the first set of runs with same utilization constants (See Figure

29). There is a certain trade-off for the use of the second facility production because

of the lower unit production cost and lower utilization rate (mean=0.53) compared to

the other facilities. This results in decreased production amounts in second facility.

Although the unit production cost of the third facility is lower, its utilization rate

is close to 1. That factor helps the third facility to pick up the production from

the second facility (See Figure 30). It takes more time the values to get to a level

where the demands are satisfied for each product, but eventually this becomes the

case (See Figure 31). Initial values may be scrapped as burnin values. The degree

of first stage infeasibility can also be computed as 12.4%, but the magnitude of the

infeasibility is found as 1.5% overall. When we compare the objective function values

for 3 different chains, the difference between objective function values are found to

be 3.7%, 8.2% and 9.8% (See Figure 32). This is relatively higher than the findings

in the other problems. Although, the trace plots and Geweke convergence diagnostic

also suggests that the convergence is reached after 20000 iterations when J value is

equal to 49, it may be recommended to implement the algorithm with higher number

of iterations to reach accurate solutions.
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Figure 21: Trace plots of the utilization rate for each facility with same utilization
constants after 20000 iterations
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Figure 22: Density plots of the utilization rate for each facility with same utilization
constants after 20000 iterations
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Figure 23: Density plots of the first stage decision variables with same utilization
constants after 20000 iterations
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Figure 24: Trace plots of the total production for each product with same utilization
constants after 20000 iterations
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Figure 25: Trace plots of the total production for each facility with same utilization
constants after 20000 iterations
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Figure 26: First stage objective functions for each chain after 20000 iterations
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Figure 27: Trace plots of the utilization rate for each facility with different utilization
constants after 20000 iterations

Random utilization rate of the first facility 

Draw

rh
o

0 5000 10000 15000 20000

0
.5

0
.7

0
.9

j=1,UC=0.2

Random utilization rate of the second facility

Draw

rh
o

0 5000 10000 15000 20000

0
.2

0
.6

1
.0

j=1,UC=0.5

Random utilization rate of the third facility

Draw

rh
o

0 5000 10000 15000 20000

0
.9

8
5

1
.0

0
0 j=1,UC=0.01

145



Figure 28: Density plots of the utilization rate for each facility with different utiliza-
tion constants after 20000 iterations
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Figure 29: Density plots of the first stage decision variables with different utilization
constants after 20000 iterations
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Figure 30: Trace plots of the total production for each facility with different utilization
constants after 20000 iterations
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Figure 31: Trace plots of the total production for each product with different utiliza-
tion constants after 20000 iterations, (first 10000 iterations are assumed as burn-in
samples)
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Figure 32: First stage objective functions for each chain after 20000 iterations

First stage objective function value for the first chain

Draw

F
(x

)

0 5000 10000 15000 20000

3
0
0
0
0

5
0
0
0
0

J=49

First stage objective function value for the second chain

Draw

F
(x

)

0 5000 10000 15000 20000

5
2
0
0
0

5
8
0
0
0

J=49

First stage objective function value for the third chain

Draw

F
(x

)

0 5000 10000 15000 20000

4
5
0
0
0

5
0
0
0
0

J=49

150



4.5 Possible extensions and conclusion

4.5.1 Simulation-based approximate stochastic dynamic programming

Stochastic dynamic problems can be considered as a class of sequential decision mak-

ing problems since the purpose of stochastic dynamic problems is to find the objective

function maximizing decision at a given state considering its affects on future states

and decisions. The challenge is to compute the expectation functions and find the

optimal decision in each period. Backward induction is widely used for solutions in

line with the principle of optimality (Bellman (1957)). When the expectation func-

tions are not available analytically, approximate functions are proposed including

polynomial approximations (Bellman and Kotkin (1963)), quadrature-based methods

(Tauchen and Hussey (1991)), adaptive approaches (Topaloglu and Powell (2006))

and sequential Monte Carlo algorithm based methods (Polson and Sorensen (2011)).

For further reference, please see Powell (2007) which provides an extensive litera-

ture review about approximate dynamic programming. As it requires the estimation

of expectation and optimization in a sequential multi-stage setting, an augmented

probability simulation based method may be appropriate in certain settings.

A two stage stochastic recourse problem can be modified to include another set

of uncertain parameters after the second stage decision. This formulation becomes

similar to a stochastic dynamic problem. In this formulation, there are two stages

in which the first stage decision, x, is made before knowing the realization of the

random variables, ξ1, ξ2, and chosen in a such way to be well positioned against

all possible observations of the random outcomes. In other words, one wants to
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Figure 33: Decision Tree Representation of a Two Stage Recourse Dynamic Problem

make a first stage decision that is feasible for all scenarios of the random variables,

ξ1 and ξ2 and has the minimum expected objective function values for both stages

combined. After uncertainty in the first stage disappears, the second stage decision, y,

is determined by solving the second stage stochastic problem for a specific set of first

stage decision, x and the outcome of first stage random variable ξ1 and all possible

values of ξ2. The decision and random variable sequence over time can be listed as:

x −→ ξ1 −→ y −→ ξ2. A basic decision tree representation of this problem showing

the sequence of events is also presented (See Figure 33).

Using the same notation, this modified formulation can be written as:

max
x

cx− E[Q(x, ξ1, ξ2)]

subject to Ax 6 b, x ≥ 0

where Q(x, ξ1, ξ2) = min
y

q1(ξ1)y + Eξ2 [q2(ξ2)y]

subject to Tx+Wy > h, y > 0
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The standard formulation in which the second stage objective function coefficient

value, q1, is random and a function of ξ1, and the notation in the second essay are

preserved. The only difference is the addition of the random variable in the second

stage objection function coefficient, q2(ξ2), which has a known probability distribution

p(ξ2). As a result of the randomness, ξ2, after the second stage decision, the objective

function in the second stage has a component of an expectation function. In the

first stage, prior to knowing the value of the random variables, a feasible first stage

decision is made to maximize the first stage objective function and expected recourse

function while satisfying the first stage constraints. The objective can be written as:

max
x
(cx−Eξ1 [q1(ξ1)y+Eξ2[q2(ξ2)y])1I(Ax 6 b, x > 0, Tx+Wy > h, y(ξ1, ξ2) > 0, ∀ξ1, ξ2)

When the uncertainty disappears, the second stage decision is made trying to min-

imize the expected second stage objective function value with respect to the deter-

mined values of the random variable, ξ1 and first stage decision, x, while satisfying

the second stage constraints. The objective is

min
y
(Eξ2 [(q1 + q2(ξ2))y])1I(Tx+Wy > h, y > 0)

In a two stage dynamic problem, there are two decision making problems under

uncertainty. Therefore we can propose the use of two augmented probability models

consecutively. First, we construct an augmented probability model with the state

space of (ξJ2 , ξ1, x, y) where ξJ2 denotes all J values sampled for the second stage
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random variable, ξ2. After fixing x to the optimal decision, for a given ξ1 = ξ̃1 value,

we have a one stage stochastic linear problem at the second stage. Another augmented

probability model on the state space of (ξJ2 , y) can be constructed.

4.5.2 Conclusion

In this essay, we concentrated on a particular extension of the standard two stage

stochastic problems with recourse. An augmented probability simulation model via

Gibbs based Markov Chain Monte Carlo algorithms is proposed to solve two-stage

stochastic recourse problems with decision dependent randomness. One of the poten-

tial advantages is that there is no need for gradient information in our algorithm. We

are also able to consider continuous random variables or large discrete scenario sets

as well as both continuous and discrete decision variables. Importance sampling like

approach may reduce the sampling error for random variables compared to the crude

Monte Carlo simulation based methods in which draws from the unnecessary portions

of the state space are also made. There are not too many algorithms in the literature

which can model especially the problems with large state spaces. To the best of our

knowledge, our algorithm will be the one which can handle continuous first stage

decision variables as well as continuous uncertainty. As the proposed algorithm in

this essay is an extension of the one in the second essay, most of the implementation

issues are valid. It can be suggested that the algorithm can be more convenient to

use when the dimension of the decision variables is lower.

In addition to the potential areas discussed in the literature review, modeling with

decision dependent randomness may bring advantages for certain settings in financial
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literature. In portfolio management theory, returns are assumed to be independent

from the decisions of the investors since the effect of an individual investor is negligi-

ble. However, some multi-billion dollar valued corporations can influence the market

behaviour and eventually the returns with their decisions which can be modelled

within a multi-stage setting with recourse actions.

We also briefly introduced the idea of reformulating the recourse problem as a

stochastic dynamic problem, in which there is another set of random variables after

the second stage decision. An extension of the augmented probability simulation

method to solve the resulting stochastic dynamic problem is introduced. However,

this has not been studied in this dissertation and is left to future research. This

method may have potential advantages for problems where expectation functions are

hard to retrieve.
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